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Áóðîâà È.Ã.Î ìîäåëèðîâàíèè íåïîëèíîìèàëüíûõ èíòåãðî-äèôôåðåí-

öèàëüíûõ ïðèáëèæåíèé.

Àííîòàöèÿ. Â ñòàòüå îáñóæäàåòñÿ ìîäåëèðîâàíèå íåïîëèíîìèàëüíûõ
èíòåãðî-äèôôåðåíöèàëüíûõ ñïëàéíîâ, èíòåðïîëèðóþùèõ ôóíêöèþ è åå ïðî-
èçâîäíûå â óçëàõ ñåòêè è îáåñïå÷èâàþùèõ ñîâïàäåíèå âåëè÷èíû èíòåãðàëà îò
àïïðîêñèìèðóåìîé ôóíêöèè è âåëè÷èíû èíòåãðàëà îò ñïëàéíà ïî çàäàííîìó
ïðîìåæóòêó. Ïîñòðîåíû ðàçðûâíûå, íåïðåðûâíûå, è íåïðåðûâíî äèôôåðåí-
öèðóåìûå ïðåäïèñàííîå ÷èñëî ðàç áàçèñíûå ñïëàéíû, ïîçâîëÿþùèå ðåøàòü
çàäà÷ó ïîñòðîåíèÿ ïðèáëèæåíèÿ â ïðåäïîëîæåíèè, ÷òî êðîìå çíà÷åíèé ôóíê-
öèè (è ïðîèçâîäíûõ) â óçëàõ ñåòêè èçâåñòíû çíà÷åíèÿ èíòåãðàëîâ îò ïðèáëè-
æàåìîé ôóíêöèè ïî ñåòî÷íûì èíòåðâàëàì. Ïðèâåäåíû îöåíêè ïîãðåøíîñòè è
ïðèìåðû ñïëàéíîâûõ ïðèáëèæåíèé.
Êëþ÷åâûå ñëîâà: ñïëàéíû, àïïðîêñèìàöèÿ.

Burova I.G. About modelling nonpolynomial integro-di�erential appro-

ximations.

Abstract. the Summary. In this article the modelling of the nonpolynomial
integro-di�erential splines is discussed. This splines interpolate function and
its derivatives in knots of a grid and provide concurrence of integral size from
approximated function and size of integral from spline on the set interval. Here
explosive, continuous, and continuously di�erentiated several times basic splines
are constructed. They allow to solve problems of the construction of approximation
if we know the values of the function and its derivatives in knots of a grid and in
the additional assumption that values of integrals from approached function on
net intervals are known. Estimations errors are resulted and examples of splines
are given.

Keywords: splines, approximation, modelling.

Ìîäåëèðîâàíèå ïîâåäåíèÿ ôóíêöèè ñóùåñòâåííî çàâèñèò îò èñ-
ïîëüçóåìîé èíôîðìàöèè. Â ðÿäå ñëó÷àåâ èçâåñòíû çíà÷åíèÿ ôóíê-
öèè è, âîçìîæíî, ïðîèçâîäíûõ ýòîé ôóíêöèè â óçëàõ ñåòêè è/èëè
çíà÷åíèÿ èíòåãðàëîâ ïî îäíîìó èëè íåñêîëüêèì ñåòî÷íûì ïðîìå-
æóòêàì îò ýòîé ôóíêöèè.

Äëÿ îáëåã÷åíèÿ ðåøåíèÿ çàäà÷è ìîäåëèðîâàíèÿ ÷àñòî èñïîëü-
çóþò ëîêàëüíûå èíòåðïîëÿöèîííûå áàçèñíûå ñïëàéíû, êîòîðûå
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ïîçâîëÿþò ïî çíà÷åíèÿì ôóíêöèè (è ïðîèçâîäíûõ) â óçëàõ ñåò-
êè âîññòàíîâèòü ñ çàäàííîé ïîãðåøíîñòüþ ôóíêöèþ â òî÷êàõ, íå
ñîâïàäàþùèõ ñ óçëàìè èíòåðïîëÿöèè. Ïîñòðîåíííàÿ òàêèì îáðà-
çîì ìîäåëü ó÷èòûâàåò ëîêàëüíûå îñîáåííîñòè èñõîäíîé ôóíêöèè.

Åñëè çíà÷åíèÿ ïðîèçâîäíûõ â óçëàõ ñåòêè íå èçâåñòíû, òî äëÿ
óëó÷øåíèÿ àïïðîêñèìàòèâíûõ ìîäåëåé ìîæíî èñïîëüçîâàòü èíòå-
ãðàëû ïî îäíîìó èëè íåñêîëüêèì ñåòî÷íûì ïðîìåæóòêàì îò ôóíê-
öèè èëè ïðèìåíÿòü ñîîòâåòñòâóþùèå êâàäðàòóðíûå ôîðìóëû, òàê,
÷òîáû ïîðÿäîê àïïðîêñèìàöèè ñîõðàíÿëñÿ. Ìîäåëè òàêîãî âèäà
(ïðè íàëè÷èè çíà÷åíèé ôóíêöèè è èíòåãðàëîâ ïî íåêîòîðûì ïðî-
ìåæóòêàì) ðàññìàòðèâàëèñü â ïîëèíîìèàëüíîì ñëó÷àå â ðàáîòàõ
Â.È.Êèðååâà (ñì. [1] è ïðèâåäåííûé òàì ñïèñîê öèòèðîâàííîé ëè-
òåðàòóðû).

Ïîëèíîìèàëüíûå èíòåðïîëÿöèîííûå ýðìèòîâû è ëàãðàíæåâû
ïðèáëèæåíèÿ èçó÷åíû â [2]. Â ýòîé ðàáîòå ïîñòðîèì íåïîëèíîìè-
àëüíûå ïðèáëèæåíèÿ, èñïîëüçóþùèå êðîìå çíà÷åíèé ôóíêöèè è
ïðîèçâîäíûõ â óçëàõ ñåòêè çíà÷åíèÿ èíòåãðàëîâ ïî ñåòî÷íûì èí-
òåðâàëàì.

Âîçüìåì öåëîå ÷èñëî n ≥ 2 è ïîñòðîèì íà ïðîìåæóòêå [a, b]
óïîðÿäî÷åííóþ ïî âîçðàñòàíèþ ñåòêó óçëîâ {xk}, k = 0, . . . , n. Â
ïðîñòåéøåì ñëó÷àå ìîæíî âçÿòü ðàâíîìåðíóþ ñåòêó óçëîâ ñ øàãîì
h = (b − a)/n. Åñëè èçâåñòíû èíòåãðàëû îò ïðèáëèæàåìîé ôóíê-
öèè ïî îäíîìó èëè íåñêîëüêèì ñîñåäíèì ïðîìåæóòêàì, òî ñïëàé-
íîâûå ïðèáëèæåíèÿ áóäåì íàçûâàòü èíòåãðî-äèôôåðåíöèàëüíûìè
ñïëàéíàìè (i-ñïëàéíàìè).

1. Î ïîñòðîåíèè èíòåãðî-äèôôåðåíöèàëüíûõ ñïëàéíîâ

Ïóñòü i, α,m,mα, lα, sα, n, p1, p2, q � öåëûå íåîòðèöàòåëüíûå ÷èñëà,
lα ≥ 1, sα ≥ 1, mi = si + li, m0 + . . . + mq + p1 + p2 = m, {xk} �
ñåòêà óïîðÿäî÷åííûõ óçëîâ, êîíå÷íàÿ èëè áåñêîíå÷íàÿ,

a < . . . < xk−1 < xk < xk+1 . . . < b,

âîçìîæíî a = −∞, b = +∞, ôóíêöèÿ u ∈ Cm(a, b). Â äàëüíåé-
øåì áóäåì ðàññìàòðèâàòü ñåòêó ðàâíîîòñòîÿùèõ óçëîâ ñ øàãîì h.
Ïóñòü ϕj , j = 1, . . . ,m � ÷åáûøåâñêàÿ ñèñòåìà íà (a, b), ïðè÷åì
ôóíêöèè ϕj ∈ Cm(a, b), j = 1, . . . ,m, ñòðîãî ìîíîòîíííû è îòëè÷-
íû îò íóëÿ íà (a, b) Äëÿ ôóíêöèè u(x) íà ïðîìåæóòêå [xk, xk+1]
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ïîñòðîèì

ũ(x) = δ1

q∑
α=0

k+sα∑
j=k−lα+1

u(α)(xj) ωj,α(x)+

+δ2

p1∑
i=1

∫ xk+i

xk

u(t)dt ω<i>k (x) + δ3

p2∑
i=1

∫ xk

xk−i

u(t)dt ω<−i>k (x),

ãäå δi, i = 1, 2, 3 ìîãóò ïðèíèìàòü çíà÷åíèÿ íóëü èëè åäèíèöà.
Äàëåå ïîëàãàåì δi = 1, i = 1, 2, 3. Äðóãèå âàðèàíòû èçó÷àþòñÿ
àíàëîãè÷íî. Áàçèñíûå ôóíêöèè ωk,i(x), ω<i

′>
k (x), îòíîñèòåëüíî êî-

òîðûõ ïðåäïîëàãàåì ÷òî supp ωk,i = [xk−si , xk+li ], i = 0, 1, . . . , q,

suppω<i
′>

k = [xk, xk+1], áóäåì îïðåäåëÿòü èç ñèñòåìû óðàâíåíèé,
êîòîðóþ â äàëüíåéøåì íàçûâàåì àïïðîêñèìàöèîííûìè òîæäå-
ñòâàìè:

ũ(x) = u(x), u(x) = ϕν(x), ν = 1, . . . ,m.

×åðåç Φ(x) è Φk,α(xj) îáîçíà÷èì ñîîòâåòñòâåííî
Φ(x) = (ϕ1(x), . . . ϕm(x))T ,

Φk,α(xj) = (ϕ
(α)
1 (xj), . . . ϕ

(α)
m (xj))

T .
×åðåç Ψk,α, SΦp1 , SΦp2 îáîçíà÷èì ãðóïïû ñòîëáöîâ

Φk,α = (Φk,α(xk−lα+1), . . . ,Φk,α(xk+sα)),
SΦp1 = (

∫ xk+1

xk
Φ(t)dt, . . . ,

∫ xk+p1
xk

Φ(t)dt),

SΦp2 = (
∫ xk
xk−1

Φ(t)dt, . . . ,
∫ xk
xk−p2

Φ(t)dt).

Òåïåðü îïðåäåëèòåëü ñèñòåìû óðàâíåíèé ïðèìåò âèä

∆ = |Ψk,0, . . . ,Ψk,q, SΦp1 , SΦp2 |.

Â ðÿäå ñëó÷àåâ îïðåäåëèòåëü ìîæåò îáðàùàòüñÿ â íóëü. Íàïðè-
ìåð, ñëåäóþùèé îïðåäåëèòåëü∣∣∣∣∣∣∣∣

1 1 1 xj+1 − xj
xj−1 xj xj+1 (x2j+1 − x2j )/2
x2j−1 x2j x2j+1 (x3j+1 − x3j )/3
x3j−1 x3j x3j+1 (x4j+1 − x4j )/4

∣∣∣∣∣∣∣∣ =

= (xj+1 − xj−1)(xj − xj−1)(xj+1 − xj)4(xj + xj+1 − 2xj−1)/12

ðàâåí −.391000e− 10 ïðè xj−1 = 1.05, xj = 1.07, xj+1 = 1.1.
Ïðåäïîëîæèì, ÷òî ïðè âûáðàííûõ çíà÷åíèÿõ ïàðàìåðîâ îïðå-

äåëèòåëü îòëè÷åí îò íóëÿ. Òîãäà áàçèñíûå ôóíêöèè ωj,α(x),
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ω<i
′>

j (x) ìîæíî íàéòè ïî ôîðìóëàì Êðàìåðà. Â ÷àñòíîñòè, äëÿ
îïðåäåëåíèÿ áàçèñíîé ôóíêöèè ωk,α(x) íà ïðîìåæóòêå [xk, xk+1]
èìååì ñîîòíîøåíèå
ωk,α(x)=|Ψk,0, . . . ,Φk,α(xk−lα+1), . . . ,Φk,α(xk−1),Φ(x),Φk,α(xk+1), . . .

. . . ,Φk,α(xk+sα) . . . ,Ψk,q, SΦp1 , SΦp2 |/∆.
Íåòðóäíî çàìåòèòü, ÷òî ïîñòðîåííûå òàêèì îáðàçîì áàçèñíûå

ñïëàéíû ωj,α(x), ω<i
′>

j (x) è ïðèáëèæåíèå ũ(x) îáëàäàþò ñëåäóþ-
ùèìè ñâîéñòâàìè:

1) íà êîíöàõ êàæäîãî ïðîìåæóòêà [xk, xk+1]: u(α)(xk) =
ũ(α)(xk), u(α)(xk+1) = ũ(α)(xk+1), α = 0, 1, . . . , q, ũ ∈ Cq[a, b];

2)
∫ xk+q
xk

u(t)dt =
∫ xk+q
xk

ũ(t)dt, q = 1, . . . , p1,∫ xk
xk−q

u(t)dt =
∫ xk
xk−q

ũ(t)dt, q = 1, . . . , p2,.

3) |ω<γ>k (x)| ≤ K0/h, |ωj,α(x)| ≤ K1h
α, K0,K1 � íåêîòîðûå

ïîñòîÿííûå.

2. Ïîñòðîåíèå ðåøåíèÿ àññîöèèðîâàííîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ è îöåíêà ïîãðåøíîñòè. Âíà÷àëå ïîêàæåì,
êàê ïîëó÷èòü óäîáíîå ïðåäñòàâëåíèå u(x) äëÿ ïîëó÷åíèÿ îöåíêè
ïîãðåøíîñòè ïðèáëèæåíèÿ. ÏóñòüM � öåëîå ÷èñëî. Ïîñòðîèì îä-
íîðîäíîå ëèíåéíîå óðàâíåíèå, èìåþùåå ôóíäàìåíòàëüíóþ ñèñòå-
ìó ðåøåíèé ϕ1(x), . . . , ϕM (x).

Â ñîîòâåòñòâèè ñ ðàçäåëîì 6.2.10 êíèãè [3], ïðè x ∈ [xj , xj+1] ⊂
[a, b] ñîñòàâèì ñîîòíîøåíèå∣∣∣∣∣∣∣∣

ϕ1(x), ϕ2(x), . . . ϕM (x), u(x)
ϕ′1(x), ϕ′2(x), . . . ϕ′M (x), u′(x)
. . . . . . . . . . . . . . .

ϕ
(M)
1 (x), ϕ

(M)
2 (x), . . . ϕ

(M)
M (x), u(M)(x)

∣∣∣∣∣∣∣∣ = 0.

Îïðåäåëèòåëü Âðîíñêîãî

W (x) =

∣∣∣∣∣∣∣∣
ϕ1(x), ϕ2(x), . . . ϕM (x)
ϕ′1(x), ϕ′2(x), . . . ϕ′M (x)
. . . . . . . . . . . .

ϕ
(M−1)
1 (x), ϕ

(M−1)
2 (x), . . . ϕ

(M−1)
M (x)

∣∣∣∣∣∣∣∣
îòëè÷åí îò íóëÿ. Ðàçëàãàÿ îïðåäåëèòåëü ïî ýëåìåíòàì ïîñëåäíåãî
ñòîëáöà è äåëÿ âñå ÷ëåíû ïîëó÷åííîãî óðàâíåíèÿ íà W (x), ïîëó-
÷èì èñêîìîå óðàâíåíèå

Lu = u(M)(x) + p1(x)u(M−1)(x) + . . .+ pM (x)u(x) = 0.
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Ïîñòðîèì òåïåðü îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ Lu =
f(x) ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ. Ïîëîæèì

u(x) =
M∑
i=1

Ci(x)ϕi(x).

Äëÿ îïðåäåëåíèÿ Ci(x) èìååì ñèñòåìó M äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà

M∑
i=1

C ′i(x)ϕi(x) = 0,

M∑
i=1

C ′i(x)ϕ
(k)
i (x) = 0, k = 1, 2, . . . ,M − 2,

M∑
i=1

C ′i(x)ϕ
(M−1)
i (x) = f(x).

Ïîëó÷àåì

C ′i(x) =
WMi(x)f(x)

W (x)
,

ãäå WMi(x) � àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ n-é ñòðîêè
îïðåäåëèòåëÿ W (x). Íàõîäèì

Ci(x) =

∫ x

η

WMi(t)f(t)

W (t)
dt+ ci,

ãäå ci � ïðîèçâîëüíûå ïîñòîÿííûå, à η � òî÷êà èç ïðîìåæóòêà
[xj , xj+1]. Èòàê, âñïîìèíàÿ, ÷òî f = Lu, ïîëó÷àåì

u(x) =

M∑
i=1

ϕi(x)

∫ x

η

WMi(t) Lu(t)

W (t)
dt+

M∑
i=1

ciϕi(x).

Òåïåðü ïåðåéäåì ê îöåíêå |ũ(x) − u(x)|. Äëÿ îïðåäåëåííîñòè
âîçüìåì δi = 1, i = 1, 2, δ3 = 0,.

Íåòðóäíî çàìåòèòü, ÷òî ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà

M∑
i=1

ci

(
q∑

α=0

k+sα∑
j=k−lα+1

ϕ(α)(xj) ωj,α(x)+
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+

p1∑
i=1

∫ xk+i

xk

ϕ(t)dt ω<i>k (x)

)
=

M∑
i=1

ciϕi(x),

M∑
i=1

ϕ
(α)
i (x)WMi(x) = 0, α = 1, . . . , q.

Íàì ïîòðåáóþòñÿ u(α)(x). Èìååì â âèäó ïîñëåäíåãî ðàâåíñòâà

u(α)(x) =

M∑
i=1

ϕ
(α)
i (x)

∫ x

η

WMi(t) Lu(t)

W (t)
dt+

M∑
i=1

ciϕ
(α)
i (x).

Ïðåäñòàâëÿÿ ϕi(xk) ñ ïîìîùüþ ôîðìóëû Òåéëîðà:

ϕi(z) =
M∑
l=1

ϕ
(l−1)
i (t)

(l − 1)!
(z − t)l−1 + (z − t)M ϕ

(M)
i (τi)

(M)!
,

ãäå τi = íàõîäèòñÿ ìåæäó z è t, ïîëó÷àåì

ϕ
(α)
i (z) =

M∑
l=α

ϕ
(α)
i (t)

(l − α)!
(z − t)l−α + (z − t)M−α ϕ

(M)
i (ξi)

(M − α)!
.

Ïðèíèìàÿ âî âíèìàíèå âñå ýòè ñîîòíîøåíèÿ è ïîëàãàÿ η = x, ïî-
ëó÷àåì ïðè x ∈ [xk, xk+1]

ũ(x)− u(x) =

q∑
α=0

k+sα∑
j=k−lα+1

u(α)(xj) ωj,α(x)+

+

p1∑
γ=1

∫ xk+γ

xk

u(z)dz ω<γ>k (x)− u(x) =

=

q∑
α=0

k+sα∑
j=k−lα+1

M∑
i=1

∫ xj

x

ϕ
(M)
i (ξi)

(M − α)!
(xj−t)M−α

WMi(t) Lu(t)

W (t)
dt ωj,α(x)+

+

p1∑
γ=1

∫ xk+γ

xk

∫ z

x

ϕ
(M)
i (ζi)

M !
(z − t)Mdtdz ω<γ>k (x),
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ξi � íàõîäèòñÿ ìåæäó x è xj , ζi � íàõîäèòñÿ ìåæäó x è z. Ñ ó÷åòîì
|ω<γ>k (x)| ≤ K0/h, |ωj,α(x)| ≤ K1h

α, K0,K1 � íåêîòîðûå ïîñòîÿí-
íûå, ïîëó÷àåì ïðè x ∈ [xk, xk+1]

|ũ(x)− u(x)| ≤ hMK‖ Lu‖, K > 0.

Çäåñü ‖ f‖ = max
x∈[xk−M ,xk+M ]

|f(x)|.

Â ÷àñòíîñòè, ïðè ϕi = xi−1, i = 1, 2, . . .M , èìååì

|ũ(x)− u(x)| ≤ hMK‖u(M)‖, K > 0.

Äàëåå ïðèâåäåì íåñêîëüêî ïðîñòûõ ïðèìåðîâ.
3. Ïîñòðîåíèå i-ñïëàéíîâ ïðè δ1 = 0, δ2 = δ3 = 1. Ðàññìîò-

ðèì ïîñòðîåíèå i-ñïëàéíîâ âòîðîãî ïîðÿäêà ïðè p1 = 1, p2 = 1.
Ïóñòü èçâåñòíû

∫ xk
xk−1

u(x)dx è
∫ xk+1

xk
u(x)dx.

Ïðèáëèæåíèå ũ(x) áóäåì ñòðîèòü îòäåëüíî íà êàæäîì ñåòî÷íîì
èíòåðâàëå [xk, xk+1], k = 0, . . . , n, â âèäå

ũ(x) =

∫ xk

xk−1

u(x)dx ω<−1>k (x) +

∫ xk+1

xk

u(x)dx ω<1>
k (x).

Çäåñü ω<i>k (x), i = −1, 1, îïðåäåëÿþòñÿ èç ñèñòåìû ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé, ïîëó÷àåìûõ èç óñëîâèé

ũ(x) ≡ u(x),

ïðè u(x) = ϕ1(x), ϕ2(x), ãäå ϕi(x), i = 1, 2 � ÷åáûøåâñêàÿ ñèñòåìà
íà [xk, xk+1].

Ñèñòåìà óðàâíåíèé èìååò âèä∫ xk

xk−1

ϕi(x)dxω<−1>k (x) +

∫ xk+1

xk

ϕi(x)dxω<1>
k (x) = ϕi(x), i = 1, 2.

Îïðåäåëèòåëü ýòîé ñèñòåìû äëÿ ïîëèíîìèàëüíûõ áàçèñíûõ ôóíê-
öèé ∣∣∣∣ xk+1 − xk xk − xk−1

(x2k+1 − x2k)/2 (x2k − x2k−1)/2

∣∣∣∣
ðàâåí (xk+1 − xk−1)(xk − xk−1)(xk − xk+1)/2. Ïðè xj 6= xk, j 6= k,
îïðåäåëèòåëü îòëè÷åí îò íóëÿ.
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Ïðè ϕ1 = 1, ϕ2 = x ïîëó÷àåì

ω<−1>k (th+ xk) =
1

2h
(1− 2t), ω<1>

k (th+ xk) =
1

2h
(1 + 2t).

Íåòðóäíî çàìåòèòü, ÷òî∫ xk

xk−1

ũ(x)dx =

∫ xk

xk−1

u(x)dx,

∫ xk+1

xk

ũ(x)dx =

∫ xk+1

xk

u(x)dx

è
|ũ(x)− u(x)| ≤ Kh2‖u′′‖, K > 0,

åñëè u′′ ∈ C[a, b].
Åñëè çíà÷åíèÿ èíòåãðàëîâ íåèçâåñòíû, òî äëÿ ñîõðàíåíèÿ ïî-

ðÿäêà àïïðîêñèìàöèè â äàííîì ñëó÷àå ìîæíî èñïîëüçîâàòü êâàä-
ðàòóðíóþ ôîðìóëó òðàïåöèé∫ xk+1

xk

u(x)dx ≈ u(xk+1)− u(xk)

2
(xk+1 − xk),∫ xk−1

xk

u(x)dx ≈ u(xk)− u(xk−1)

2
(xk − xk−1).

Ïðè ϕ1 = 1, ϕ2 = ex ïîëó÷àåì ∆ = xk+1(exk−exk−1)+xk(exk−1−
exk+1)− xk−1(exk+1 − exk),

ω<1>
k (th+ xk) =

1− eh + heh+th

h(eh − 1)2
,

ω<−1>k (th+ xk) =
eh(−heh − 1 + eh)

h(eh − 1)2
.

Ðàññìîòðèì òåïåðü ïîñòðîåíèå i-ñïëàéíîâ ïðè p1 = 2, p2 = 2.
Ïóñòü èçâåñòíû I<−1> =

∫ xk
xk−1

u(x)dx, I<−2> =
∫ xk
xk−2

u(x)dx,

I<1> =
∫ xk+1

xk
u(x)dx è I<2> =

∫ xk+2

xk
u(x)dx. Ïðèáëèæåíèå ũ(x)

ñòðîèì îòäåëüíî íà êàæäîì ñåòî÷íîì èíòåðâàëå [xk, xk+1], k =
0, . . . , n â âèäå

ũ(x) = I<−1> ω<−1>k (x) + I<−2> ω<−2>k (x)+
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+I<1> ω<1>
k (x) + I<2> ω<2>

k (x),

ãäå â ïîëèíîìèàëüíîì ñëó÷àå

ω<1>
k (th+ xk) = −(−4− 8t+ 3t2 + 4t3)/(6h),

ω<−1>k (th+ xk) = (−8t+ 4t3 − 3t2 + 4)/(6h),

ω<2>
k (th+ xk) = (−1− t+ 3t2 + 2t3)/(12h),

ω<−2>k (th+ xk) = −(1− t− 3t2 + 2t3)/(12h).

Îïðåäåëèòåëü ýòîé ñèñòåìû ðàâåí (−xk−2 + xk+2)(−xk−2 +
xk−1)(xk−1 − xk+2)(xk+1 − xk−2)(xk+1 − xk+2)(xk+1 − xk−1)(xk −
xk−2)(xk − xk+2)(xk − xk−1)(xk − xk+1)/24. Ïðè ðàçëè÷íûõ óçëàõ
èíòåðïîëÿöèè îí îòëè÷åí îò íóëÿ. Íåòðóäíî çàìåòèòü, ÷òî∫ xk

xk−i

ũ(x)dx =

∫ xk

xk−i

u(x)dx, i = 1, 2,

∫ xk+i

xk

ũ(x)dx =

∫ xk+i

xk

u(x)dx, i = 1, 2,

è ïðè óñëîâèè u′′′′ ∈ C[a, b] ñïðàâåäëèâî

|ũ(x)− u(x)| ≤ Kh4‖u′′′′‖, K > 0.

4. Ïîñòðîåíèå íåïðåðûâíûõ êâàäðàòè÷íûõ ñïëàéíîâ.
Ïóñòü δ1 = 1, δ2 = 1, δ3 = 0, q = 0, l0 = s0 = 1, p1 = 1. Åñ-
ëè èñïîëüçîâàòü åùå çíà÷åíèÿ ôóíêöèè â óçëàõ ñåòêè, òî ïîëó-
÷èì íåïðåðûâíûå ïðèáëèæåíèÿ. Ðàññìîòðèì ïîñòðîåíèå êâàäðà-
òè÷íûõ èíòåãðî-íåïîëèíîìèàëüíûõ ñïëàéíîâ.

Ïóñòü èçâåñòíû u(xk) � çíà÷åíèÿ ôóíêöèè u(x) â òî÷êàõ
xk, xk+1 è

∫ xk+1

xk
u(x)dx. Ïðèáëèæåíèå ũ(x) áóäåì ñòðîèòü îòäåëüíî

íà êàæäîì ñåòî÷íîì èíòåðâàëå [xk, xk+1], k = 0, . . . , n,

ũ(x) = u(xk)ωk,0(x) + u(xk+1)ωk+1,0(x)+

+

∫ xk+1

xk

u(x)dx ω<1>
k (x), (1)
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Çäåñü ωj,0(x), j = k, k + 1, ω<1>
k (x) îïðåäåëÿþòñÿ èç ñèñòåìû ëè-

íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïîëó÷àåìûõ èç óñëîâèé

ũ(x) ≡ u(x),

ïðè u(x) = ϕ1(x), ϕ2(x), ϕ3(x), ãäå ϕi(x), i = 1, 2, 3 � ÷åáûøåâñêàÿ
ñèñòåìà íà [xk, xk+1].

Ñèñòåìà óðàâíåíèé èìååò âèä

ϕi(xk)ωk,0(x) + ϕi(xk+1)ωk+1,0(x)+

+

∫ xk+1

xk

ϕi(x)dxω<1>
k (x) = ϕi(x), i = 1, 2, 3.

Îáîçíà÷èì Φ(x) = (ϕ1(x), ϕ2(x), ϕ3(x))
T
,

SΦ =

(∫ xk+1

xk

ϕ1(x)dx,

∫ xk+1

xk

ϕ2(x)dx,

∫ xk+1

xk

ϕ3(x)dx

)T
,

òîãäà îïðåäåëèòåëü ñèñòåìû óðàâíåíèé ïðèíèìàåò âèä

∆ = |Φ(xk),Φ(xk+1), SΦ| ,

à áàçèñíûå ôóíêöèè îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè

ωk,0(x) = |Φ(x),Φ(xk+1), SΦ| /∆,

ωk+1,0(x) = |Φ(xk),Φ(x), SΦ| /∆,

ωk,1(x) = |Φ(xk),Φ(xk+1),Φ(x)| /∆.

Ïîñòðîåííûå òàêèì îáðàçîì ñïëàéíû îáëàäàþò ñâîéñòâàìè:∫ xk+1

xk

ũ(x) dx =

∫ xk+1

xk

u(x) dx, u(xk) = ũ(xk).

Âûïèøåì ôîðìóëû áàçèñíûõ ôóíêöèé íà ïðîìåæóòêå
[xk, xk+1].

1. Ïðè ϕk(x) = xk−1, k = 1, 2, 3, ïîëó÷àåì ∆ = −(xk −xk+1)4/6,

ωk,0(x) =
1

h2
(−h+ 3(x− xk)(x− xk+1)),

ωk+1,0(x) =
1

h2
(x− xk)(3(x− xk)− 2h),
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ω<1>
k (x) = − 6

h3
(x− xk)(x− xk+1).

Ïðè t ∈ [0, 1] èìååì

ωk,0(xk + th) = (−1 + 3t)(−1 + t),

ωk+1,0(xk + th) = t(3t− 2),

ω<1>
k (xk + th) = −6t(−1 + t)/h.

2. Ïðè ϕ1(x) = 1, ϕ2(x) = sin(x), ϕ3(x) = cos(x) ïîëó÷àåì
∆ = 2(1− cos(xk − xk+1)) + (xk+1 − xk)sin(xk − xk+1),

ωk,0(x) =
(cos(h) − 1 − h sin(x− xk+1) − cos(x− xk) + cos(x− xk+1))

(2cos(h) − 2 + hsin(h))
,

ωk+1,0(x) =
(cos(x− xk) − cos(x− xk+1) + h sin(x− xk) − 1 + cos(h))

(2cos(h) − 2 + h sin(h))
,

ω<1>
k (x) =

(sin(x− xk+1) + sin(h) − sin(x− xk))

(2cos(h) − 2 + hsin(h))
.

Åñëè ïîëó÷èòü ôîðìóëó ωk,0 íà ïðîìåæóòêå [xk−1, xk] è, îáúåäè-
íèòü ñ ôîðìóëîé äëÿ ωk,0 íà ïðîìåæóòêå [xk, xk+1], òî ïîëó÷èì
âûðàæåíèå äëÿ áàçèñíîãî ñïëàéíà ωk,0, çàäàííîãî íà [xk−1, xk+1].
Íà ðèñ.1 ïðèâåäåíû ãðàôèêè òðèãîíîìåòðè÷åñêèõ áàçèñíûõ ôóíê-
öèé ωk,0 è ω

<1>
k ïðè h = 1.
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0.4

0.6

0.8

1

–1 –0.8 –0.6 –0.4 –0.2 0.2 0.4 0.6 0.8 1

x

à) ωk,0(t)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0.2 0.4 0.6 0.8 1

x

á) ω<1>
k (t)

Ðèñ. 1: ãðàôèêè ôóíêöèé ωk,0(t) è ω<1>
k (t).

Íåòðóäíî çàìåòèòü, ÷òî ïðè t ∈ [0, 1]

ωk,0(th+xk) =
(cos(h)− 1− hsin(th− h)− cos(th) + cos(th− h))

(2cos(h)− 2 + hsin(h))
=

= (3t2 − 4t+ 1) +O(h) = (3t− 1)(t− 1) +O(h),
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ωk+1,0(th+ xk) =
(cos(th)− cos(th− h) + hsin(th)− 1 + cos(h))

(2cos(h)− 2 + hsin(h))
=

= (3t2 − 2t) +O(h) = t(3t− 2) +O(h),

ω<1>
k (th+ xk) =

(sin(th− h) + sin(h)− sin(th))

(2cos(h)− 2 + hsin(h))
=

= (3t2 − 4t+ 1) +O(h) = −6t(t− 1)/h+O(h).

Äëÿ êâàäðàòè÷íûõ ñïëàéíîâ, ïðèâåäåííûõ â ýòîì ïóíêòå, ñïðà-
âåäëèâû ñâîéñòâà ∫ xk+1

xk

ũ(x)dx =

∫ xk+1

xk

u(x)dx,

ũ(xj) = u(xj), j = 0, . . . , n.

Åñëè u′′′ ∈ C[a, b], òî äëÿ ïîëèíîìèàëüíîé ñèñòåìû

|ũ(x)− u(x)| ≤ K1h
3‖u′′′‖, K1 > 0,

à äëÿ òðèãîíîìåòðè÷åñêîé ñèñòåìû îöåíêà ïîãðåøíîñòè ïðèáëè-
æåíèÿ èìååò âèä

|ũ(x)− u(x)| ≤ K2h
3‖u′′′ + u′‖[xk−1,xk+1], K2 > 0.

Äëÿ óëó÷øåíèÿ êà÷åñòâà ïðèáëèæåíèÿ õîðîøî ïðèìåíÿòü
àäàïòèâíóþ ñåòêó óçëîâ. Äëÿ ýòîãî âû÷èñëèì äëèíó Lk−1 õîðäû,
ñîåäèíÿþùåé òî÷êè (xk−1, u(xk−1)) è (xk, u(xk)). Òî÷êó (xk+1 îïðå-
äåëèì òàê, ÷òîáû äëèíà Lk õîðäû, ñîåäèíÿþùåé òî÷êè (xk, u(xk))
è (xk+1, u(xk+1)) áûëà ðàâíà Lk−1. Ðåøèâ íåëèíåéíîå óðàâíåíèå√

(xk−xk−1)2 + (u(xk)−u(xk−1))2=
√

(X−xk)2 + (u(X)−u(xk))2,

íàõîäèì X è áåðåì xk+1 = X. Íàïðèìåð, äëÿ ôóíêöèè 1
1+25t2 ïî-

ñòðîèì àäàïòèâíóþ ñåòêó óçëîâ: x0 = −1, x1 = −.85, x2 = −.7,
x3 = −.419, x4 = −.233, x5 = −.128, x6 = −0.05, x7 = −0.02,
x8 = 0., x9 = 0.02, x10 = 0.05, x11 = .128, x12 = .233, x13 = .419,
x14 = .7, x15 = .85, x16 = 1.

Ðåçóëüòàòû àïïðîêñèìàöèè òðèãîíîìåòðè÷åñêèìè ñïëàéíàìè
ôóíêöèè 1

1+25t2 íà ðàâíîìåðíîé ñåòêå, ïîñòðîåííîé íà ïðîìåæóòêå
[−1, 1] ïðè n = 15, è àäàïòèâíîé ñåòêå ïðè n = 16 ïðèâåäåíû íà
ðèñ. 2.
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Ðèñ. 2: Ãðàôèêè ïîãðåøíîñòåé ïðèáëèæåíèÿ ôóíêöèè 1
1+25t2 êâàä-

ðàòè÷íûìè òðèãîíîìåòðè÷åñêèìè ñïëàéíàìè

5. Ïîñòðîåíèå êóáè÷åñêèõ ñïëàéíîâ ïðè δ1 = δ2 = δ3 = 1,
q = 1. Ïóñòü èçâåñòíû u(xk) � çíà÷åíèÿ ôóíêöèè u(x) â òî÷êàõ xk
è
∫ xk+1

xk
u(x)dx,

∫ xk
xk−1

u(x)dx.

Ïðèáëèæåíèå ũ(x) áóäåì ñòðîèòü îòäåëüíî íà êàæäîì ñåòî÷íîì
èíòåðâàëå [xk, xk+1], k = 0, . . . , n, â âèäå

ũ(x) = u(xk)ωk,0(x) + u(xk+1)ωk+1,0(x)+

+

∫ xk+1

xk

u(x)dx ω<1>
k (x) +

∫ xk

xk−1

u(x)dx ω<−1>k (x), (2)

Çäåñü ωj,0(x), ω<i>k , j = k, k+1, i = −1, 1 îïðåäåëÿþòñÿ èç ñèñòåìû
óðàâíåíèé, ïîëó÷àåìûõ èç óñëîâèé

ũ(x) ≡ u(x),

ïðè u(x) = ϕ1(x), ϕ2(x), ϕ3(x), ϕ4(x).
Ñèñòåìà óðàâíåíèé èìååò âèä

ϕi(xk)ωk,0(x) + ϕi(xk+1)ωk+1,0(x)+

+

∫ xk+1

xk

ϕi(x)dx ω<1>
k (x) +

xk∫
xk−1

ϕi(x)dx ω<−1>k (x) = ϕi(x),

i = 1, 2, 3, 4.
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Ïóñòü ϕi, i = 1, 2, 3, 4 � ÷åáûøåâñêàÿ íà [xk, xk+1]. Îáîçíà÷èì

Φ(x) = (ϕ1(x), ϕ2(x), ϕ3(x), ϕ4(x))
T
,

SΦ1 =

(∫ xk+1

xk

ϕ1(x)dx,

∫ xk+1

xk

ϕ2(x)dx,

∫ xk+1

xk

ϕ3(x)dx,

∫ xk+1

xk

ϕ4(x)dx

)T

,

SΦ2 =

(∫ xk

xk−1

ϕ1(x)dx,

∫ xk

xk−1

ϕ2(x)dx,

∫ xk

xk−1

ϕ3(x)dx,

∫ xk

xk−1

ϕ4(x)dx

)T

,

òîãäà îïðåäåëèòåëü ñèñòåìû óðàâíåíèé ïðèíèìàåò âèä

∆ = |Φ(xk),Φ(xk+1), SΦ1, SΦ2| ,

à áàçèñíûå ôóíêöèè îïðåäåëÿþòñÿ èç ñîîòíîøåíèé

ωk,0(x) = |Φ(x),Φ(xk+1), SΦ1, SΦ2| /∆,

ωk+1,0(x) = |Φ(xk),Φ(x), SΦ1, SΦ2| /∆,

ω<1>
k (x) = |Φ(xk),Φ(xk+1),Φ(x), SΦ2| /∆,

ω<−1>k (x) = |Φ(xk),Φ(xk+1), SΦ2,Φ(x)| /∆.

Ïîñòðîåííûå òàêèì îáðàçîì ñïëàéíû îáëàäàþò ñâîéñòâàìè:∫ xk

xk−1

ũ(x) dx =

∫ xk

xk−1

u(x) dx,

∫ xk+1

xk

ũ(x) dx =

∫ xk+1

xk

u(x) dx, u(xk) = ũ(xk).

Ïðèìåðû áàçèñíûõ ôóíêöèé íà [xk, xk+1].
1. ϕi(x) = xi−1, i = 1, 2, 3, 4.
∆ = (xk+1 − xk−1)2(xk − xk−1)2(xk − xk+1)4/24, Íåòðóäíî çàìå-

òèòü, ÷òî ïðè t ∈ [0, 1]

ωk,0(xk + th) = −(t− 1)(2t2 − 4t+ 1),

ωk+1,0(xk + th) = −t(4t2 − 9t+ 4),

ω<1>
k (xk + th) =

4t(t− 1)(t− 2)

h
,
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Ðèñ. 3: áàçèñíûå ïîëèíîìèàëüíûå ñïëàéíû ïðè h = 1: à) ωk,0(t), á)
ω<1>
k (t), â) ω<−1>k (t).

ω<−1>k (xk + th) =
t(2t− 1)(t− 1)

2h
,

2. Â ñëó÷àå ϕk(x) = e(k−1)x, k = 1, 2, 3, 4, ïîëó÷àåì íà ðàâíî-
ìåðíîé ñåòêå óçëîâ ñ øàãîì h: ∆ = h

6 exp(6xk + 5h) + h
3 exp(6xk −

2h)− 1
3exp(6xk+3h)+ 1

6exp(6xk)− 5h
6 exp(6xk−h)+ 1

6exp(6xk−3h)−
7h
3 hexp(6xk+2h)− 1

6exp(6xk+2h)+ 1
3exp(6xk−h)− 2

3hexp(6xk+4h)−
1
2exp(6xk − 2h) + 1

2exp(6xk + 4h) + 3h
2 exp(6xk + 3h) + 11h

6 exp(6xk +
h)− 1

6exp(6xk + 5h),

ωk,0(xk + th) = (eh − eth)(−e5h + 2e4h − 2eth+4h + 2heth+4h+

+he3h+th + e3h+th + 3e2th+2h − 2e2h − 3he2th+2h+

+eh + heth+h − eth+h + 2eth − 3e2thh− 3e2th+

+2ethh)/((eh − 1)2(−e4h + 2e3hh− e3h+

+3e2hh+ eh + 1 + h)) = −(t− 1)(2t2 − 4t+ 1) +O(h),

ωk+1,0(xk+th) = eh(eth−1)(3e2thh−3he2th+2h−6he2th+h−3e2th+h+

+3e2th+3h + 2eth+2h − 2eth+4h + 2heth+4h + 4he3h+th − eth+h−

−2e5h+th + 3heth+2h − 2heth+h − ethh+ 3e3h+th + e6h − e5h+

+2e3h + e2h − 2e4h − eh)/((eh − 1)2(−e4h+

+2e3hh− e3h + 3e2hh+ eh + 1 + h)) = −t(4− 9t+ 4t2) +O(h),

ω<1>
k (xk + th) = eh(eth − 1)(eh − eth)(−2e6h + 3e5h+

+3eth+4h + 3e4h − 6e3h+th − 6e3h − 6eth+2h + 12heth+h+

+6eth+h + 3eh + 3eth − 1)/((eh − 1)3(−e4h + 2e3hh− e3h + 3e2hh+
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+eh + 1 + h)) =
4t(t− 1)(−2 + t)

h
+O(h),

ω<−1>k (xk + th) = −eh(eth − 1)(eh− eth)(e3h − 3eth+2h − 3e2h+

+6heth+h + 3eh + 3eth − 1)/((eh − 1)3(−e4h + 2e3hh− e3h+

+3e2hh+ eh + 1 + h)) =
1

2h
t(t− 1)(−1 + 2t) +O(h).

Ãðàôèêè áàçèñíûõ ôóíêöèé ïðèâåäåíû íà ðèñ. 4.
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Ðèñ. 4: áàçèñíûå ýêñïîíåíöèàëüíûå ñïëàéíû: à) ωk,0(t), á) ω<1>

k (t),
â) ω<−1>k (t).

Ðåçóëüòàòû àïïðîêñèìàöèè ôóíêöèè 1
1+25t2 ïîëèíîìèàëüíûìè

è ýêñïîíåíöèàëüíûìè ñïëàéíàìè íà ðàâíîìåðíîé ñåòêå óçëîâ, ïî-
ñòðîåííîé íà ïðîìåæóòêå [−1, 1] ïðè n = 10, ïðèâåäåíû íà ðèñ. 5.
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à) Ãðàôèê ïîãðåøíîñòè ïðè
èñïîëüçîâàíèè ïîëèíîìèàëüíûõ

ñïëàéíîâ

–0.005

0

0.005

0.01

–1 –0.5 0.5 1

á) Ãðàôèê ïîãðåøíîñòè ïðè
èñïîëüçîâàíèè

ýêñïîíåíöèàëüíûõ ñïëàéíîâ

Ðèñ. 5: Ãðàôèêè ïîãðåøíîñòåé ïðè èñïîëüçîâàíèè êóáè÷åñêèõ
ñïëàéíîâ íà ðàâíîìåðíîé ñåòêå óçëîâ

Îöåíêà ïîãðåøíîñòè ïîëèíîìèàëüíûìè êóáè÷åñêèìè ñïëàéíà-
ìè èìååò âèä

|ũ(x)− u(x)| ≤ K3h
4‖u′′′′‖[xk−1,xk+1],
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ãäå K3 > 0 � íåêîòîðàÿ ïîñòîÿííàÿ. Îöåíêà ïîãðåøíîñòè ýêñïî-
íåíöèàëüíûìè êóáè÷åñêèìè ñïëàéíàìè èìååò âèä

|ũ(x)− u(x)| ≤ K4h
4‖u′′′′ − 6u′′′ + 11u′′ − 6u′‖[xk−1,xk+1],

K4 > 0 � íåêîòîðàÿ ïîñòîÿííàÿ.

6. Ïîñòðîåíèå íåïðåðûâíî äèôôåðåíöèðóåìûõ

èíòåãðî-äèôôåðåíöèàëüíûõ ñïëàéíîâ. Ïóñòü δ1 = 1,
δ2 = 1, δ3 = 0, q = 1. Èçâåñòíû u(xk) è u′(xk)� çíà÷åíèÿ ôóíêöèè
u(x) è åå ïåðâîé ïðîèçâîäíîé â òî÷êàõ xk, à òàêæå

∫ xk+1

xk
u(x)dx.

Ïðèáëèæåíèå ũ(x) áóäåì ñòðîèòü îòäåëüíî íà êàæäîì ñåòî÷íîì
èíòåðâàëå [xk, xk+1], k = 0, . . . , n, â âèäå

ũ(x) = u(xk)ωk,0(x) + u(xk+1)ωk+1,0(x)+

+u′(xk)ωk,1(x) + u′(xk+1)ωk+1,1(x)+

+

∫ xk+1

xk

u(x)dx ω<1>
k (x), (3)

Çäåñü ωj,i(x), i = 0, 1, j = k, k+1, ω<1>
k (x) îïðåäåëÿþòñÿ èç ñèñòåìû

óðàâíåíèé, ïîëó÷àåìûõ èç óñëîâèé

ũ(x) ≡ u(x),

ïðè u(x) = ϕi(x), i = 1, . . . , 5.
Ñèñòåìà óðàâíåíèé èìååò âèä

ϕi(xk)ωk,0(x) + ϕi(xk+1)ωk+1,0(x)+

ϕ′i(xk)ωk,1(x) + ϕ′i(xk+1)ωk+1,1(x)+

+

∫ xk+1

xk

ϕi(x)dxω<1>
k (x) = ϕi(x), i = 1, 2, 3, 4, 5.

Ïóñòü ϕi, i = 1, 2, 3, 4, 5 � ÷åáûøåâñêàÿ íà [xk, xk+1]. Îáîçíà÷èì

Φ(x) = (ϕ1(x), ϕ2(x), ϕ3(x), ϕ4(x), ϕ5(x))
T
,

Φ′(x) = (ϕ′1(x), ϕ′2(x), ϕ′3(x), ϕ′4(x), ϕ′5(x))
T

SΦ =

(∫ xk+1

xk

ϕ1(x)dx,

∫ xk+1

xk

ϕ2(x)dx,

∫ xk+1

xk

ϕ3(x)dx

)T
,
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òîãäà îïðåäåëèòåëü ñèñòåìû óðàâíåíèé ïðèíèìàåò âèä

∆ = |Φ(xk),Φ(xk+1),Φ′(xk),Φ′(xk+1), SΦ| ,

à áàçèñíûå ôóíêöèè èìåþò âèä

ωk,0(x) = |Φ(x),Φ(xk+1),Φ′(xk),Φ′(xk+1), SΦ| /∆,

ωk+1,0(x) = |Φ(xk),Φ(x),Φ′(xk),Φ′(xk+1), SΦ| /∆,

ωk,1(x) = |Φ(xk),Φ(xk+1),Φ(x),Φ′(xk+1), SΦ| /∆,

ωk+1,1(x) = |Φ(xk),Φ(xk+1),Φ′(xk),Φ(x), SΦ| /∆,

ωk,2(x) = |Φ(xk),Φ(xk+1),Φ′(xk),Φ′(xk+1),Φ(x)| /∆.

Ïîñòðîåííûå ñïëàéíû îáëàäàþò ñâîéñòâàìè:∫ xk+1

xk

ũ(x) dx =

∫ xk+1

xk

u(x) dx, ũ(xk) = u(xk), ũ′(xk) = u′(xk).

Ïðèìåðû áàçèñíûõ ôóíêöèé.
1. Ïðè ϕi(x) = xi−1, i = 1, 2, 3, 4, 5, ïîëó÷àåì
∆ = (xk − xk+1)9/30,

ωk,0(th+ xk) = −(5t+ 1)(3t− 1)(t− 1)2,

ωk+1,0(th+ xk) = −t2(3t− 2)(5t− 6),

ωk,1(th+ xk) = − th
2

(−2 + 5t)(t− 1)2,

ωk+1,1(th+ xk) = − t
2h

2
(5t− 3)(t− 1),

ω<1>
k (th+ xk) =

30t2

h
(t− 1)2.

Â ñëó÷àå, åñëè ïðèáëèæåíèå ũ(x) íà ñåòî÷íîì èíòåðâàëå
[xk, xk+1], k = 0, . . . , n, áåðåì â âèäå

ũ(x) = u(xk)ωk,0(x) + u(xk+1)ωk+1,0(x)+

+u′(xk)ωk,1(x) + u′(xk+1)ωk+1,1(x)+
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Ðèñ. 6: áàçèñíûå ïîëèíîìèàëüíûå ñïëàéíû (4): à) ωk,0(t), á) ωk,1(t),
â) ω<1>

k (t).

+

∫ xk+2

xk

u(x)dx ω<2>
k (x), (4)

òî îïðåäåëèòåëü ñèñòåìû ðàâåí ∆ = 1/30(xk − xk+2)3(xk −
xk+1)4(x2k − 5xkxk+1 + 3xk+2xk + 10x2k+1 + 6x2k+2− 15xk+2xk+1), îò-
ñþäà íà ðàâíîìåðíîé ñåòêå ñ øàãîì h ∆ = −16h9/15, à ωj,i(x),
i = 0, 1, 2, j = k, k + 1, îïðåäåëÿþòñÿ òàê

ωk,0(th+ xk) = −1

8
(15t2 − 16t− 8)(t− 1)2,

ωk+1,0(th+ xk) = −t2(2t− 3),

ωk,1(th+ xk) = −1

8
th(−8 + 5t)(t− 1)2,

ωk+1,1(th+ xk) = −1

4
t2h(t− 1)(5t− 9),

ω<1>
k (th+ xk) =

15t2

16h
(t− 1)2.
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Ðèñ. 7: áàçèñíûå ïîëèíîìèàëüíûå ñïëàéíû (3): à) ωk,0(t), á) ωk,1(t),
â) ω<2>

k (t).

Äëÿ äàííûõ ñïëàéíîâ ñïðàâåäëèâî íåðàâåíñòâî ñ íåêîòîðîé
êîíñòàíòîé K5 > 0

|ũ(x)− u(x)| ≤ K5h
5‖u(5)‖[xk−1,xk+1].
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Â ñëó÷àå, åñëè ïðèáëèæåíèå ũ(x) íà ñåòî÷íîì èíòåðâàëå [xk, xk+1],
k = 0, . . . , n, áåðåì â âèäå

ũ(x) = u(xk)ωk,0(x) + u(xk+1)ωk+1,0(x)+

+u′(xk)ωk,1(x) + u′(xk+1)ωk+1,1(x)+

+

∫ xk+1

xk

u(x)dx ω<1>
k (x) +

∫ xk

xk−1

u(x)dx ω<−1>k (x)+

+

∫ xk+2

xk

u(x)dx ω<2>
k (x) +

∫ xk

xk−2

u(x)dx ω<−2>k (x), (5)

òî ∆ = − 1
10080 (xk+1 − xk−2)3(xk+2 − xk−2)(−xk+2 + xk+1)3(xk −

xk−2)3(xk−xk+1)9(xk−xk+2)3(−xk−1 +xk+1)3(xk−1−xk−2)(xk−1−
xk+2)(xk − xk−1)3, äàëåå

ωk,0(xk + th) =
1

4
(16t5 + 11t4 − 54t3 − 39t2 + 8t+ 4)(t− 1)2,

ωk+1,0(xk + th) =
1

36
t2(136t5 − 161t4 − 510t3 + 575t2 + 272t− 276),

ω<1>
k (xk + th) = − t2

216h
(−4332− 5672t+ 1293t2 + 1784t3)(t− 1)2,

ω<−1>k (xk + th) =
t2

24h
(12− 24t− 5t2 + 8t3)(t− 1)2,

ωk,1(xk + th) =
1

4
th(−4t− 14t2 + t3 + 4 + 4t4)(t− 1)2,

ωk+1,1(xk + th) = − 1

12
t2h(t− 1)(−4t− 29t2 + t3 + 12 + 8t4),

ω<2>
k (xk + th) =

t2

48h
(−3 + 8t2 + 4t3)(t− 1)2,

ω<−2>k (xk + th) = − t2

432h
(2t− 1)(2t2 − 2t− 3)(t− 1)2.

7. Ïîñòðîåíèå äâàæäû íåïðåðûâíî äèôôåðåíöèðóå-

ìûõ èíòåãðî-äèôôåðåíöèàëüíûõ ñïëàéíîâ. Ïóñòü δ1 = 1,
δ2 = 1, δ3 = 1, q = 2. Ïóñòü èçâåñòíû u(xk), u′(xk) è u′′(xk) �
çíà÷åíèÿ ôóíêöèè u(x), åå ïåðâîé è âòîðîé ïðîèçâîäíîé ñîîòâåò-
ñòâåííî â òî÷êàõ xk, à òàêæå

∫ xk+1

xk
u(x)dx.
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Ïðèáëèæåíèå ũ(x) áóäåì ñòðîèòü îòäåëüíî íà êàæäîì ñåòî÷íîì
èíòåðâàëå [xk, xk+1], k = 0, . . . , n

ũ(x) = u(xk)ωk,0(x) + u(xk+1)ωk+1,0(x)+

+u′(xk)ωk,1(x) + u′(xk+1)ωk+1,1(x)+

+u′′(xk)ωk,2(x) + u′′(xk+1)ωk+1,2(x)+

+

∫ xk+1

xk

u(x)dx ω<1>
k (x), (6)

Çäåñü ωj,i(x), i = 0, 1, 2, j = k, k + 1, îïðåäåëÿþòñÿ èç ñèñòåìû
óðàâíåíèé, ïîëó÷àåìûõ èç óñëîâèé

ũ(x) ≡ u(x),

ïðè u(x) = ϕi(x), i = 1, . . . , 7.
Ñèñòåìà óðàâíåíèé èìååò âèä

ϕi(xk)ωk,0(x) + ϕi(xk+1)ωk+1,0(x)+

ϕ′i(xk)ωk,1(x) + ϕ′i(xk+1)ωk+1,1(x)+

ϕ′′i (xk)ωk+1,2(x) + ϕ′′i (xk+1)ωk+1,2(x)+

+

∫ xk+1

xk

ϕi(x)dx ω<1>
k (x) = ϕi(x), i = 1, 2, 3, 4, 5, 6, 7.

Ïóñòü ϕi, i = 1, 2, 3, 4, 5, 6, 7 � ÷åáûøåâñêàÿ íà [xk, xk+1]. Îáî-
çíà÷èì

Φ(x) = (ϕ1(x), ϕ2(x), . . . , ϕ7(x))
T
,

Φ′(x) = (ϕ′1(x), ϕ′2(x), . . . , ϕ′7(x))
T
,

Φ′′(x) = (ϕ′′1(x), ϕ′′2(x), . . . , ϕ′′7(x))
T
,

SΦ =

(∫ xk+1

xk

ϕ1(x)dx,

∫ xk+1

xk

ϕ2(x)dx,

∫ xk+1

xk

ϕ3(x)dx

)T
,

òîãäà îïðåäåëèòåëü ñèñòåìû óðàâíåíèé ïðèíèìàåò âèä

∆ = |Φ(xk),Φ(xk+1),Φ′(xk),Φ′(xk+1),Φ′′(xk),Φ′′(xk+1), SΦ| ,

à áàçèñíûå ôóíêöèè òàêîâû

ωk,0(x) =
∣∣Φ(x),Φ(xk+1),Φ′(xk),Φ′(xk+1),Φ′′(xk),Φ′′(xk+1), SΦ

∣∣ /∆,
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ωk+1,0(x) =
∣∣Φ(xk),Φ(x),Φ′(xk),Φ′(xk+1),Φ′′(xk),Φ′′(xk+1), SΦ

∣∣ /∆,

ωk,1(x) =
∣∣Φ(xk),Φ(xk+1),Φ(x),Φ′(xk+1),Φ′′(xk),Φ′′(xk+1), SΦ

∣∣ /∆,

ωk+1,1(x) =
∣∣Φ(xk),Φ(xk+1),Φ′(xk),Φ(x),Φ′′(xk),Φ′′(xk+1), SΦ

∣∣ /∆,

ωk,2(x) =
∣∣Φ(xk),Φ(xk+1),Φ′(xk),Φ′(xk+1),Φ(x),Φ′′(xk+1), SΦ

∣∣ /∆,

ωk+1,2(x) =
∣∣Φ(xk),Φ(xk+1),Φ′(xk),Φ′(xk+1),Φ′′(xk),Φ(x), SΦ

∣∣ /∆,

ω<1>
k (x)=

∣∣Φ(xk),Φ(xk+1),Φ′(xk),Φ′(xk+1),Φ′′(xk),Φ′′(xk+1),Φ(x)
∣∣ /∆.

Ïîñòðîåííûå ñïëàéíû îáëàäàþò ñâîéñòâàìè:∫ xk+1

xk

ũ(x) dx =

∫ xk+1

xk

u(x) dx,

ũ(xj) = u(xj), ũ
′(xj) = u′(xj), ũ

′′(xj) = u′′(xj), i = k, k + 1.

Ïðèìåðû áàçèñíûõ ôóíêöèé.
1. Ïðè ϕk(x) = xk−1, k = 1, 2, 3, 4, 5, 6, 7, ïîëó÷àåì
∆ = 1

35 (−xk+1 + xk)9(xk − xk+2)4(−35x3k+1 + 84xk+2x
2
k+1 +

21x2k+1xk − 7x2kxk+1− 28xk+1xk+2xk − 70x2k+2xk+1 + 4xk+2x
2
k + x3k +

10x2k+2xk+20x3k+2), ïðè ðàâíîìåðíîé ñåòêå ñ øàãîì h îïðåäåëèòåëü
ïðèíèìàåò çíà÷åíèå ∆ = −208h16/35, äàëåå

ωk,0(th+ xk) =
1

26
(105t3 − 156t2 − 78t− 26)(t− 1)3,

ωk+1,0(th+ xk) = − 1

13
t3(70t3 − 288t2 + 405t− 200),

ωk,1(th+ xk) =
1

26
th(−26− 78t+ 49t2)(t− 1)3,

ωk+1,1(th+ xk) =
1

13
t3h(t− 1)(28t2 − 95t+ 80),

ωk,2(th+ xk) =
1

26
t2h2(−13 + 7t)(t− 1)3,

ωk+1,2(th+ xk) = − 1

78
t3h2(−88 + 49t)(t− 1)2,

ω<1>
k (th+ xk) =

35t3

52h
(t− 1)3.

Íåòðóäíî ïîêàçàòü, ÷òî äëÿ äàííûõ ñïëàéíîâ ñïðàâåäëèâî
íåðàâåíñòâî ñ íåêîòîðîé êîíñòàíòîé K7 > 0

|ũ(x)− u(x)| ≤ K7h
7‖u(7)‖[xk−1,xk+1].
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Ðèñ. 9: ãðàôèêè ôóíêöèè ω<1>
k (t) è ïîãðåøíîñòè ïðèáëèæåíèÿ

ôóíêöèè 1
1+25x2

Åñëè ïðèáëèæåíèå ũ(x) áóäåì ñòðîèòü îòäåëüíî íà êàæäîì ñåòî÷-
íîì èíòåðâàëå [xk, xk+1], k = 0, . . . , n â âèäå

ũ(x) = u(xk)ωk,0(x) + u(xk+1)ωk+1,0(x)+

+u′(xk)ωk,1(x) + u′(xk+1)ωk+1,1(x)+

+u′′(xk)ωk,2(x) + u′′(xk+1)ωk+1,2(x)+

+

∫ xk+1

xk

u(x)dx ω<1>
k (x) +

∫ xk

xk−1

u(x)dx ω<−1>k (x), (7)

òî ∆ = − 1
280 (xk − xk+1])16(−xk−1 + xk+1)4(xk − xk−1)4,

ωk,0(th+ xk) = (56t4 + 42t3 − 6t2 − 3t− 1)(t− 1)3,

ωk+1,0(xk + th) =
1

2
t3(−203t3 + 98t4 − 71 + 33t2 + 145t),

ω<1>
k (xk + th) = − t

3

4h
(351 + 418t)(t− 1)3,
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ω<−1>k (xk + th) = − t
3

4h
(−1 + 2t)(t− 1)3,

ωk,1(xk + th) = th(−1− 3t+ 8t2 + 12t3)(t− 1)3,

ωk+1,1(xk + th) = −1

2
t3h(t− 1)(18t3 − 17t2 − 14t+ 11),

ωk,2(xk + th) =
1

6
t2h2(−3 + 3t+ 8t2)(t− 1)3,

ωk+1,2(xk + th) =
1

6
t3h2(−2 + t+ 4t2)(t− 1)2.

Íåòðóäíî ïîêàçàòü, ÷òî äëÿ äàííûõ ñïëàéíîâ ñïðàâåäëèâî
íåðàâåíñòâî ñ íåêîòîðîé êîíñòàíòîé K8 > 0

|ũ(x)− u(x)| ≤ K8h
8‖u(8)‖[xk−1,xk+1]

Ëèòåðàòóðà

1. Êèðååâ Â.È., Ïàíòåëååâ À.Â. ×èñëåííûå ìåòîäû â ïðèìåðàõ è çà-
äà÷àõ. Ì. 2008. 480 c.

2. Áóðîâà È.Ã., Äåìüÿíîâè÷ Þ.Ê. Ìèíèìàëüíûå ñïëàéíû è èõ ïðèëî-
æåíèÿ. ÑÏá.: Èçäàòåëüñòâî ÑÏáÃÓ, 2010. 364 ñ.

3. Ìàòâååâ Í. Ì. Ìåòîäû èíòåãðèðîâàíèÿ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé. ÑÏá.; Ì.; Êðàñíîäàð, 2003. 832 c.

Áóðîâà Èðèíà Ãåðàñèìîâíà � ä.ô.-ì.í., ïðîôåññîð; ïðîôåññîð êàôåä-
ðû âû÷èñëèòåëüíîé ìàòåìàòèêè, ïðîôåññîð êàôåäðû ïàðàëëåëüíûõ àëãîðèò-
ìîâ ìàòåìàòèêî-ìåõàíè÷åñêîãî ôàêóëüòåòà Ñ.-Ïåòåðáóðãñêîãî ãîñóäàðñòâåí-
íîãî óíèâåðñèòåòà (ÑÏáÃÓ). Îáëàñòü íàó÷íûõ èíòåðåñîâ: ðàçðàáîòêà è ïðè-
ìåíåíèå ñïëàéíîâûõ ïðèáëèæåíèé, ðàñïàðàëëåëèâàíèå âû÷èñëåíèé. Êîëè÷å-
ñòîâî íàó÷íûõ ïóáëèêàöèé � áîëåå 100. BurovaIG@mail.ru, Óíèâåðñèòåòñêèé
ïð., äîì 28, Ñòàðûé Ïåòåðãîô, Ñàíêò-Ïåòåðáóðã, 198504, Ðîññèÿ,

ð.ò. +7(812)428-4227,

Irina G. Burova � PhD in Computational Science, Professor of the Department
of Computational Mathematics, Professor of the Parallel Algorithms Department,
Mathematics and Mechanics Faculty, St. Petersburg State University (SPbSU).
Research area: the development splines and its applications. Number of publications
� more then 100. BurovaIG@mail.ru, o�ce phone +7(812)428-4227.

199



Труды СПИИРАН. 2011. Вып. 4(19). ISSN 2078-9181 (печ.), ISSN 2078-9599 (онлайн) 
SPIIRAS Proceedings. 2011. Issue 4(19). ISSN 2078-9181 (print), ISSN 2078-9599 (online)

www.proceedings.spiiras.nw.ru

Ïîääåðæêà èññëåäîâàíèé. Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé
ïîääåðæêå ÐÔÔÈ, ãðàíòû � 10-01-00297, 10-01-00245.

Ðåêîìåíäîâàíî êàôåäðîé ïàðàëëåëüíûõ àëãîðèòìîâ, çàâ. êàô. Äåìüÿíîâè÷
Þ.Ê.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 19.10.2011.

200



Труды СПИИРАН. 2011. Вып. 4(19). ISSN 2078-9181 (печ.), ISSN 2078-9599 (онлайн) 
SPIIRAS Proceedings. 2011. Issue 4(19). ISSN 2078-9181 (print), ISSN 2078-9599 (online)

www.proceedings.spiiras.nw.ru

ÐÅÔÅÐÀÒ

Áóðîâà È.Ã. Î ìîäåëèðîâàíèè íåïîëèíîìèàëüíûõ èíòåãðî-

äèôôåðåíöèàëüíûõ ïðèáëèæåíèé.
Õîðîøî èçâåñòíû çàäà÷è èíòåðïîëÿöèè Ýðìèòà è Ëàãðàíæà. Ïðè

èõ ðåøåíèè íà ðàâíîìåðíîé ñåòêå óçëîâ õîðîøî ñåáÿ çàðåêîìåíäîâàëè

ïîëèíîìèàëüíûå èíòåðïîëÿöîííûå ñïëàéíû ñ ëîêàëüíûì íîñèòåëåì.

Äëÿ ïîñòðîåíèÿ ïðèáëèæåíèé ôóíêöèè íà ñåòî÷íîì èíòåðâàëå òðå-

áóåòñÿ ñîñòàâèòü ñóììó ïðîèçâåäåíèé çíà÷åíèé ôóíêöèè (è, âîçìîæíî,

çíà÷åíèé ïðîèçâîäíûõ ýòîé ôóíêöèè) â íåñêîëüêèõ ñîñåäíèõ óçëàõ ñåò-

êè è ñîîòâåòñòâóþùèõ áàçèñíûõ ñïëàéíîâ. Ïîëó÷àåìàÿ òàêèì îáðàçîì

ìîäåëü ó÷èòûâàåò ëîêàëüíûå îñîáåííîñòè èñïîëüçóåìîé èíôîðìàöèè.

Íåïîëèíîìèàëüíûå áàçèñíûå ôóíêöèè ìîæíî ïðèìåíÿòü äëÿ ðåøå-

íèÿ ðàçëè÷íûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, â ÷àñòíîñòè, äëÿ ðåøåíèÿ

êðàåâûõ çàäà÷ âàðèàöèîííûìè ìåòîäàìè, ðåøåíèÿ çàäà÷è Êîøè.

Â ðÿäå ñëó÷àåâ äëÿ ïðèáëèæåíèÿ ôóíêöèè íà ñåòî÷íîì èíòåðâàëå

óäîáíî èñïîëüçîâàòü èíòåãðàëû îò ýòîé ôóíêöèè ïî ñîñåäíèì ñåòî÷íûì

èíòåðâàëàì.

Â äàííîé ðàáîòå ïîñòðîåíû ðàçëè÷íûå íåïîëèíîìèàëüíûå èíòåðïî-

ëÿöèîííûå áàçèñíûå ñïëàéíû. Ïðèáëèæåíèÿ ýòèìè ñïëàéíàìè èíòåð-

ïîëèðóþò çíà÷åíèÿ ôóíêöèè, ïðîèçâîäíûõ îò ýòîé ôóíêöèè â óçëàõ

ñåòêè, êðîìå ýòîãî ñîâïàäàþò çíà÷åíèÿ èíòåãðàëîâ ïî íåñêîëüêèì ñî-

ñåäíèì ñåòî÷íûì èíòåðâàëàì îò ïðèáëèæàåìîé ôóíêöèè ñî çíà÷åíèÿìè

èíòåãðàëîâ ïî ýòèì æå ñåòî÷íûì èíòåðâàëàì îò ïðèáëèæåíèÿ.

Ïðèâîäÿòñÿ ãðàôèêè áàçèñíûõ ñïëàéíîâ, ïîëó÷åííûõ â ýòîé ðàáîòå

è ãðàôèêè, èëëþñòðèðóþùèå êà÷åñòâî ìîäåëåé ïðèáëèæåíèÿ ñ ècïîëü-

çîâàíèåì ðàññìàòðèâàåìûõ ñïëàéíîâ.
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SUMMARY

Burova I.G. About modelling nonpolynomial integro-di�eren-

tial approximations
The Hermite and Lagrange interpolation problems are well-known. Inter-

polation polynomial splines with the local support have recommended itself

well of the decision of these problems at a uniform grid of knots.At their

decision polynomial

It is required to make the sum of products of values of function (and may

be values of derivatives of this function) in several next knots of a grid and

corresponding basic splines for construction of an approximation of function

on a net interval. The model received thus considers local features the used

information.

The nonpolynomial basic functions can be applied for decisions of various

problems of mathematical physics, in particulars, for the decision of bound-

value problems by variational Methods, Cauchy problem.

In some cases for approximation of function on net interval it is

convenient to use integrals from this function on one or several next to

this net intervals.

In the given work are constructed various nonpolynomial interpolation

basic splines. Approximations by these splines interpolate values of the

function, derivative of this functions in units of a grid, and values of integrals

on several next net intervals from approached function coincide with values

of integrals on same to net intervals from approximation.

Schedules of basic splines received in this work and the quality of numeric

approximation with splines are represented.
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