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Ìóñòàôèí Í.Ã., Ïîíîìàðåâ À.Â., Ñàâîñèí Ñ.Â.Ìåòîä îïòèìàëüíîé ãðóï-

ïèðîâêè âåêòîðíûõ îáúåêòîâ îòíîñèòåëüíî öåíòðîâ.

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à ãðóïïèðîâêè âåêòîðíûõ îáúåêòîâ îòíî-
ñèòåëüíî âîçìîæíûõ öåíòðîâ ñ ó÷åòîì îãðàíè÷åíèé íà ñîñòàâ ãðóïï. Ïðåä-
ëàãàåòñÿ ñïîñîá ïðåäñòàâëåíèÿ ñïåöèôè÷åñêèõ âåêòîðíûõ îãðàíè÷åíèé â âèäå
îãðàíè÷åíèé ýêâèâàëåíòíîé çàäà÷è öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ è ïî-
ëèíîìèàëüíûå àëãîðèòìû äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ.
Êëþ÷åâûå ñëîâà: àëãîðèòì, ãðóïïèðîâêà, öåëî÷èñëåííîå ïðîãðàììèðîâà-
íèå, ïîòîê â ñåòè, ìàòðîèä.

Musta�n N.G., Ponomarev A.V., Savosin S.V. A method for optimal group-

ing of vector objects around centers.

Abstract. The paper addresses the problem of grouping vector objects around
potential centers with respect to restrictions imposed on the group structure.
A method for transforming vector restrictions into the restrictions of equivalent
integer programming problem is proposed. Polynomial algorithms for some special
cases are suggested.
Keywords: algorithm, grouping, integer programming, network �ow, matroid.

1. Ââåäåíèå. Çíà÷èòåëüíîå êîëè÷åñòâî çàäà÷, âîçíèêàþùèõ â
íàó÷íîé è ïðàêòè÷åñêîé äåÿòåëüíîñòè ÷åëîâåêà, èìåþò â ñâîåé îñ-
íîâå îáùóþ èäåþ: îáðàçîâàíèå ãðóïï èç çàäàííûõ îáúåêòîâ ïðè
îïðåäåëåííûõ óñëîâèÿõ. Ìíîãèå èç ýòèõ çàäà÷ óñïåøíî ðåøàþòñÿ
ñ ïðèìåíåíèåì òåõ èëè èíûõ ìåòîäîâ è ìîäåëåé � òåîðèè ãðàôîâ,
êëàñòåðíîãî àíàëèçà, ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Âìåñòå
ñ òåì, ñ îäíîé ñòîðîíû, ïî÷òè íåò ðàáîò, â êîòîðûõ áû ïðåäïðè-
íèìàëèñü ïîïûòêè îñîçíàòü è îïèñàòü âíóòðåííåå ðîäñòâî òàêèõ
çàäà÷, âûäåëèòü îáùèå èäåè, ïîäõîäû è ìåòîäû, ñ äðóãîé � â ëèòå-
ðàòóðå óäåëÿåòñÿ ìàëî âíèìàíèÿ ñïåöèôè÷åñêèì âîïðîñàì ãðóï-
ïèðîâêè âåêòîðíûõ îáúåêòîâ, îïèñûâàåìûõ íàáîðîì ðàçíîðîäíûõ
õàðàêòåðèñòèê.

Òðåáîâàíèÿ, ïðåäúÿâëÿåìûå ê ñòðóêòóðå ôîðìèðóåìûõ ãðóïï,
â çíà÷èòåëüíîé ìåðå îïðåäåëÿþò ìåòîäû, ñ ïîìîùüþ êîòîðûõ ïðî-
èçâîäèòñÿ ãðóïïèðîâêà. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ÷àñòíûé
ñëó÷àé ãðóïïèðîâêè � ãðóïïèðîâêà îòíîñèòåëüíî öåíòðîâ, òî åñòü
èñõîäíûìè ÿâëÿþòñÿ äâà ìíîæåñòâà îáúåêòîâ C è S � îáúåêòû
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ïåðâîãî òèïà èãðàþò ðîëü öåíòðîâ, îòíîñèòåëüíî êîòîðûõ ìîãóò
îáúåäèíÿòñÿ îáúåêòû âòîðîãî òèïà, ñàòåëëèòû.

2. Ïîñòàíîâêà çàäà÷è. Ïóñòü êàæäûé èç îáúåêòîâ ìíîæå-
ñòâà S îïèñûâàåòñÿ íàáîðîì èç k àòðèáóòîâ: s(a1, . . . , ak) ∈ S,
ai ∈ DS

i . Òàêèì îáðàçîì, ìîæíî ãîâîðèòü îá îáúåêòàõ ìíîæå-
ñòâà S êàê î òî÷êàõ â k�ìåðíîì ïðîñòðàíñòâå. ×åðåç ai(s) áó-
äåì îáîçíà÷àòü çíà÷åíèå àòðèáóòà ai îáúåêòà s ∈ S. Àíàëîãè÷íî,
êàæäûé èç îáúåêòîâ ìíîæåñòâà C îïèñûâàåòñÿ íàáîðîì l àòðèáó-
òîâ: c(b1, . . . , bl) ∈ C, bi ∈ DC

i .
Äàäèì ôîðìàëüíîå îïðåäåëåíèå çàäà÷è ãðóïïèðîâêè îòíîñè-

òåëüíî öåíòðîâ. Ïîä ãðóïïîé G áóäåì ïîíèìàòü ïàðó ìíîæåñòâ
〈CG, SG〉, òàêèõ, ÷òî |CG| = 1, CG ⊆ C, SG ⊆ S. Äëÿ îáîçíà÷åíèÿ
êîìïîíåíò ãðóïïû áóäåì ïîëüçîâàòüñÿ ôóíêöèîíàëüíîé íîòàöèåé:
C(G) ≡ CG, S(G) ≡ SG.

Ãðóïïèðîâêó G íà ñåìåéñòâå èñõîäíûõ ìíîæåñòâ îïðåäåëèì
êàê ìíîæåñòâî ïîïàðíî íå ïåðåñåêàþùèõñÿ ãðóïï. Òî åñòü,

G = {G},
∀(G1, G2)|G1, G2 ∈ G→ C(G1) ∩ C(G2) = ∅, S(G1) ∩ S(G2) = ∅.

Ââåäåì õàðàêòåðèñòèêó ïîêðûòèÿ ãðóïïèðîâêîé G èñõîäíûõ
ìíîæåñòâ. Ãðóïïèðîâêà áóäåò íàçûâàòüñÿ ïîëíîé ïî C, åñëè⋃

g∈G

C(g) = C.

Ãðóïïèðîâêà áóäåò íàçûâàòüñÿ ïîëíîé ïî S, åñëè⋃
g∈G

S(g) = S.

Ãðóïïèðîâêà áóäåò íàçûâàòüñÿ ïîëíîé, åñëè îíà ÿâëÿåòñÿ ïîë-
íîé ïî C è ïîëíîé ïî S. Íàêîíåö, ãðóïïèðîâêà, íå ÿâëÿþùàÿñÿ íè
ïîëíîé ïî C, íè ïîëíîé ïî S, íàçûâàåòñÿ íåïîëíîé.

Î ïîèñêå îïòèìàëüíîé ãðóïïèðîâêè ìîæíî ãîâîðèòü òîëüêî â
òîì ñëó÷àå, åñëè êà÷åñòâî êàæäîé ãðóïïèðîâêè ìîæåò áûòü îöåíå-
íî. Äëÿ ýòîãî èñïîëüçóåòñÿ ñèñòåìà ïîêàçàòåëåé, çàäàþùàÿ îòîá-
ðàæåíèå val : G 7→ R. Ñèñòåìû ïîêàçàòåëåé ìîãóò î÷åíü ðàçëè-
÷àòüñÿ, è îò ñòðóêòóðû ñèñòåìû ïîêàçàòåëåé â ñóùåñòâåííîé ìåðå
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çàâèñèò ïîäõîä ê ðåøåíèþ çàäà÷è ãðóïïèðîâêè. Â ýòîé ñòàòüå ðàñ-
ñìàòðèâàåòñÿ ãðóïïèðîâêà ñ ïðîñòåéøåé ñèñòåìîé ïîêàçàòåëåé.

Ïîä ïðîñòåéøåé ñèñòåìîé ïîêàçàòåëåé ïîíèìàåòñÿ òî, ÷òî îïðå-
äåëåíî îäíî îòîáðàæåíèå D : S×C 7→ R, çàäàþùåå ÷èñëåííûé ýô-
ôåêò îò ïðèñîåäèíåíèÿ çàäàííîãî ñàòåëëèòà ê ãðóïïå ñ çàäàííûì
öåíòðîì. Ïðè ýòîì îöåíêà ãðóïïû ôîðìèðóåòñÿ êàê ïðîñòàÿ ñóììà
ñîîòâåòñòâóþùèõ çíà÷åíèé ñàòåëëèòîâ:

val(G) =
∑

s∈S(G)

d(s, C(G)),

à îöåíêà âñåé ãðóïïèðîâêè� êàê ñóììà îöåíîê ãðóïï:

val(G) =
∑
G∈G

val(G).

Ïðåäïîëàãàåòñÿ, ÷òî íàèëó÷øèì ðåøåíèåì çàäà÷è ÿâëÿåòñÿ
ãðóïïèðîâêà ñ íàèáîëüøåé îöåíêîé.

3. Ïåðåõîä îò âåêòîðíîãî îïèñàíèÿ îáúåêòîâ ê îïèñà-

íèþ âçàèìîñâÿçåé.

Îãðàíè÷åíèå íà ðàçáðîñ çíà÷åíèé àòðèáóòà â ãðóï-

ïå. Â ðÿäå ñëó÷àåâ ïðè ïîñòàíîâêå çàäà÷è âåêòîðíîé ãðóïïèðîâêè
íåîáõîäèìî íàëîæèòü îãðàíè÷åíèå, çàêëþ÷àþùååñÿ â òîì, ÷òî ðàç-
áðîñ çíà÷åíèé êàêîãî-òî àòðèáóòà (ar) äëÿ âñåõ îáúåêòîâ, âõîäÿ-
ùèõ â ëþáóþ ãðóïïó, íå ìîæåò ïðåâûøàòü îïðåäåëåííîãî çíà÷åíèÿ
(∆r).

∀G ∈ G : max
s∈G

ar(s)−min
s∈G

ar(s) 6 ∆r

Îãðàíè÷åíèÿ ïîäîáíîãî âèäà ìîæíî ïðåäñòàâèòü â âèäå äîïîë-
íèòåëüíûõ ëèíåéíûõ îãðàíè÷åíèé ê ðàññìîòðåííîé âûøå áàçîâîé
ïîñòàíîâêå çàäà÷è ãðóïïèðîâêè êàê çàäà÷è ëèíåéíîãî ïðîãðàììè-
ðîâàíèÿ, åñëè ñâåñòè èõ ê áèíàðíîìó îòíîøåíèþ, çàäàþùåìó çà-
ïðåò íà îäíîâðåìåííîå âõîæäåíèå îáúåêòîâ â ãðóïïó. Ââåäåì íà
ìíîæåñòâå S × S áèíàðíîå îòíîøåíèå R∆r , îïðåäåëÿåìîå ñëåäóþ-
ùèì îáðàçîì:

R∆r (x, y) ≡ {〈x, y〉 : (|ar(x)− ar(y)| > ∆r), x, y ∈ S} (1)

Ýòî îòíîøåíèå çàäàåò ìíîæåñòâî âñåõ ïàð îáúåêòîâ, êîòîðûå
íå ìîãóò íàõîäèòüñÿ â îäíîé ãðóïïå.
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Îãðàíè÷åíèå íà ñîñòàâ ãðóïïû. Îïðåäåëåíèå ãðóïïû ìî-
æåò ñîäåðæàòü â ñåáå îãðàíè÷åíèÿ, ñâÿçàííûå ñî ñòðóêòóðîé ãðóï-
ïû, íàïðèìåð:

• òðåáîâàíèå òîãî, ÷òîáû â ãðóïïå áûëî áîëåå mr ýëåìåíòîâ,
èìåþùèõ çíà÷åíèå àòðèáóòà ar áîëåå çàäàííîãî è ðîâíî ms

ýëåìåíòîâ, èìåþùèõ çíà÷åíèå àòðèáóòà as ðàâíîå çàäàííîìó;

• òðåáîâàíèå òîãî, ÷òîáû ýëåìåíòîâ ãðóïïû, èìåþùèõ îïðåäå-
ëåííîå çíà÷åíèå àòðèáóòà ar áûëî áîëüøå, ÷åì ýëåìåíòîâ,
èìåþùèõ îïðåäåëåííîå çíà÷åíèå àòðèáóòà as;

• òðåáîâàíèå òîãî, ÷òîáû ýëåìåíòîâ ãðóïïû, èìåþùèõ îïðå-
äåëåííîå çíà÷åíèå àòðèáóòà ar, áûëî áîëüøå ïîëîâèíû âñåõ
ýëåìåíòîâ ãðóïïû;

• è ò.ä.

Âî âñåõ ïðèâåäåííûõ îãðàíè÷åíèÿõ åñòü äâà îáùèõ ìîìåíòà:

• ñ ïîìîùüþ íàëîæåíèÿ óñëîâèÿ íà çíà÷åíèå àòðèáóòîâ çàäàåò-
ñÿ îäèí èëè íåñêîëüêî êëàññîâ (ïîäìíîæåñòâ) èñõîäíûõ ýëå-
ìåíòîâ;

• óñòàíàâëèâàåòñÿ îãðàíè÷åíèå íà êîëè÷åñòâåííîå ñîîòíîøå-
íèå âíóòðè ãðóïïû ýëåìåíòîâ, ïðèíàäæëåæàùèõ ðàçëè÷íûì
êëàññàì.

Çàäàíèå êëàññà ýëåìåíòîâ åñòü íè ÷òî èíîå, êàê îïðåäåëåíèå
óíàðíîãî îòíîøåíèÿ íà S (îòíîøåíèÿ ïðèíàäëåæíîñòè êëàññó).
Òàê, òðåáîâàíèå îïðåäåëåííîãî çíà÷åíèÿ (vr) àòðèáóòà ar ýêâèâà-
ëåíòíî îïðåäåëåíèþ îòíîøåíèÿ:

R=vr (s) ≡ {s : ar(s) = vr, s ∈ S}.

Ïðèíöèïû ôîðìèðîâàíèÿ îòîáðàæåíèÿ D. Îòîáðàæå-
íèå D â ïðîñòåéøåé ñèñòåìå ïîêàçàòåëåé çàäàåò ýôôåêò â öåëåâîé
ôóíêöèè îò ïðèñîåäèíåíèÿ ñàòåëëèòà ê óçëó ñ îïðåäåëåííûì öåí-
òðîì. Åñëè ðàññìàòðèâàþòñÿ âåêòîðíûå îáúåêòû, òî, â îáùåì ñëó-
÷àå, D� ýòî êàêàÿ-òî ôóíêöèÿ íàä k+ l ïåðåìåííûìè. Ñìûñë ýòîé
ôóíêöèè ïîëíîñòüþ çàâèñèò îò èíòåðïðåòàöèè çàäà÷è ãðóïïèðîâ-
êè, îäíàêî ïðè åå çàäàíèè ìîãóò îñîáûì îáðàçîì îáðàáàòûâàòüñÿ
çàïðåòû íà ïðèñîåäèíåíèå s ê c.
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Íà ïðàêòèêå ÷àñòî âîçíèêàåò ñëó÷àé, êîãäà S è C ÿâëÿþòñÿ
ðàçíûìè òèïàìè îáúåêòîâ, ïðèíàäëåæàùèõ îäíîìó ìåòðè÷åñêî-
ìó ïðîñòðàíñòâó (íàïðèìåð, íàõîäÿùèõñÿ íà ïîâåðõíîñòè Çåìëè).
Òîãäà ñóùåñòâóþò òàêèå ïðîåêöèè sp è cp, ïðåäñòàâëÿþùèå ñî-
áîé êîîðäèíàòû îáúåêòîâ â äàííîì ïðîñòðàíñòâå. Â ýòîì ñëó÷àå
îòîáðàæåíèå D ìîæåò ÿâëÿòüñÿ íåêîòîðîé ôóíêöèåé îò ρ�ìåðû
äàííîãî ïðîñòðàíñòâà.

4. Ïîñòàíîâêà â âèäå çàäà÷è öåëî÷èñëåííîãî ïðîãðàì-

ìèðîâàíèÿ. Äëÿ òîãî, ÷òîáû ñôîðìóëèðîâàòü çàäà÷ó ãðóïïèðîâ-
êè êàê çàäà÷ó ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ, íóæíî ïîêà-
çàòü ñïîñîá ïåðåõîäà îò òåðìèíîëîãèè îïèñàíèÿ çàäà÷è ãðóïïèðîâ-
êè (êëàññ ÎÃ, ñèñòåìà ïîêàçàòåëåé) ê òðåì ñîñòàâëÿþùèì çàäà÷è
ÌÏ: íàáîðó ïåðåìåííûõ, íàáîðó îãðàíè÷åíèé íà çíà÷åíèÿ ïåðå-
ìåííûõ è öåëåâîé ôóíêöèè, îïòèìàëüíîå çíà÷åíèå êîòîðîé äîëæ-
íî äîñòèãàòüñÿ èñêîìîé ïðîãðàììîé.

Îáîçíà÷èì ìîùíîñòü ìíîæåñòâà S ÷åðåç n, à ìíîæåñòâà C ÷å-
ðåçm è ââåäåì íàáîð ïåðåìåííûõ xij , i ∈ {1, . . . , n}, j ∈ {1, . . . ,m}.
Ïåðåìåííàÿ xij ñîîòâåòñòâóåò ôàêòó âõîæäåíèÿ ýëåìåíòà ìíîæå-
ñòâà S ñ èíäåêñîì i â ãðóïïó, öåíòðîì êîòîðîé ÿâëÿåòñÿ ýëåìåíò
ìíîæåñòâà C ñ èíäåêñîì j, è ìîæåò ïðèíèìàòü çíà÷åíèÿ èç ìíî-
æåñòâà {0, 1}. Îòìåòèì, ÷òî ìíîæåñòâà S è C çäåñü óïîìèíàþò-
ñÿ è êàê ìíîæåñòâà, è êàê ïîñëåäîâàòåëüíîñòè, äîïóñêàþùèå îá-
ðàùåíèå ê ýëåìåíòó ïî ïîðÿäêîâîìó íîìåðó. Ýòà äâîéñòâåííîñòü
âûáðàíà â êà÷åñòâå êîìïðîìèññà, äàáû íå ââîäèòü äîïîëíèòåëü-
íûå îáîçíà÷åíèÿ äëÿ ïîñëåäîâàòåëüíîñòåé, ïîñêîëüêó ñàìà ïîñëå-
äîâàòåëüíîñòü ìîæåò ôîðìèðîâàòüñÿ èç ìíîæåñòâà ïðîèçâîëüíûì
îáðàçîì è ñàìîñòîÿòåëüíîãî ñìûñëà íå èìååò. Ïðîñòî ïðåäïîëàãà-
åòñÿ, ÷òî â ïðîöåññå ïåðåõîäà ê çàäà÷å ÌÏ ýëåìåíòû ïåðå÷èñëè-
ìûõ ìíîæåñòâ S è C áûëè ïðîíóìåðîâàíû íàòóðàëüíûìè ÷èñëàìè.
Îáîçíà÷àòü ýëåìåíò ìíîæåñòâà S ñ èíäåêñîì i áóäåì si, à ýëåìåíò
ìíîæåñòâà C ñ èíäåêñîì j � cj .

Ââåäåì òàêæå ïåðåìåííûå yj , j ∈ {1, . . . ,m}, ïðèíèìàþùèå çíà-
÷åíèÿ èç ìíîæåñòâà {0, 1} è îçíà÷àþùèå òî, ÷òî cj �ïîòåíöèàëü-
íûé öåíòð ãðóïïû� â äàííîì âàðèàíòå ðåøåíèÿ ÿâëÿåòñÿ äåéñòâè-
òåëüíûì öåíòðîì êàêîé-ëèáî ãðóïïû.

Áàçîâàÿ ïîñòàíîâêà çàäà÷è ÌÏ äëÿ äâóõóðîâíåâûõ öåíòðàëè-
çîâàííûõ ãðóïïèðîâîê áóäåò çàïèñûâàòüñÿ ñëåäóþùèì îáðàçîì:
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Ìàêñèìèçèðîâàòü z =
n∑

i=1

m∑
j=1

xijd(si, cj) (2)

ïðè îãðàíè÷åíèÿõ

m∑
j=1

xij 6 1 i ∈ {1, . . . , n} (3-à)

xij 6 yj i ∈ {1, . . . , n}, j ∈ {1, . . . ,m} (3-á)

xij , yj ∈ {0, 1} i ∈ {1, . . . , n}, j ∈ {1, . . . ,m}.

Îãðàíè÷åíèÿ âèäà 3-á íàçîâåì îãðàíè÷åíèÿìè öåëîñòíîñòè,
ïîñêîëüêó îíè âûðàæàþò òðåáîâàíèå âíóòðåííåé ñîãëàñîâàííîñòè
è íåïðîòèâîðå÷èâîñòè çíà÷åíèé ïåðåìåííûõ xij è yj .

Îãðàíè÷åíèÿ âèäà 3-à âûðàæàþò îòíîøåíèå îáúåêòîâ ìíîæå-
ñòâà S ê ãðóïïèðîâêå, ïîýòîìó íàçîâåì èõ îãðàíè÷åíèÿìè ïîêðû-

òèÿ. Ñìûñë è ðàçíîâèäíîñòè îãðàíè÷åíèé ïîêðûòèÿ áóäåò ðàñ-
êðûò íèæå â õîäå ðàññìîòðåíèÿ âîçìîæíûõ äîïîëíåíèé ê ýòîé
áàçîâîé ïîñòàíîâêå.

Ïîëíûå, ÷àñòè÷íî ïîëíûå è íåïîëíûå çàäà÷è. Ïîêàæåì,
êàê òðåáîâàíèå ïîëíîòû âêëþ÷àåòñÿ â ìàòåìàòè÷åñêóþ ïîñòàíîâêó
çàäà÷è.

Ïðèìåíèòåëüíî ê äâóõóðîâíåâîé öåíòðàëèçîâàííîé ãðóïïèðîâ-
êå ìîæåò ñóùåñòâîâàòü ÷åòûðå ðàçíîâèäíîñòè ïîëíîòû: ïîëíàÿ ïî
S, ïîëíàÿ ïî C, ïîëíàÿ è íåïîëíàÿ.

Ïîëíîòà ïî S îïðåäåëÿåòñÿ âèäîì îãðàíè÷åíèÿ ïîêðûòèÿ ( 3-
à) áàçîâîé ïîñòàíîâêè. Äåéñòâèòåëüíî, ñóììà â ïðàâîé ÷àñòè ýòîãî
îãðàíè÷åíèÿ - ýòî êîëè÷åñòâî îáúåêòîâ ìíîæåñòâà C, ñ êîòîðûìè
â òåêóùåé ãðóïïèðîâêå ñâÿçàí äàííûé îáúåêò S. Êîëè÷åñòâî ýòî
íå ìîæåò áûòü áîëüøå 1 ïî îïðåäåëåíèþ ýòîãî âèäà ãðóïïèðîâêè,
íî, âàðüèðóÿ îòíîøåíèå â ýòîì îãðàíè÷åíèè, ìû ìîæåì ëèáî äî-
ïóñòèòü íóëåâîå çíà÷åíèå äëÿ ýòîé ñóììû, ïîçâîëèâ, òåì ñàìûì,
îáúåêòó S íå áûòü ñâÿçàííûì íè ñ îäíèì îáúåêòîì C, à çíà÷èò,
íå âîéòè íè â îäíó ãðóïïó, ëèáî ïîòðåáîâàòü ñòðîãîãî ðàâåíñòâà
ñóììû åäèíèöå, îáÿçàâ êàæäûé îáúåêò C áûòü ñâÿçàííûì ñ îä-
íèì öåíòðîì è, ñëåäîâàòåëüíî, âîéòè ðîâíî â îäíó ãðóïïó. Òàêèì
îáðàçîì, äëÿ ïîëíûõ ïî S ãðóïïèðîâîê îãðàíè÷åíèå ïîêðûòèÿ çà-
ïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:
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m∑
j=1

xij = 1 i ∈ {1, . . . , n}.

Ïîëíîòà ïî C îïðåäåëÿåòñÿ òåì, êàêîå êîëè÷åñòâî ïåðåìåííûõ
yj ïðèíèìàþò çíà÷åíèå åäèíèöû. Äëÿ ïîëíîé ïî C ãðóïïèðîâêè,
î÷åâèäíî, âñå yj äîëæíû áûòü ðàâíû åäèíèöå, à ýòî îçíà÷àåò, ÷òî
áàçîâàÿ çàäà÷à äîëæíà áûòü äîïîëíåíà îãðàíè÷åíèåì:

yj = 1 j ∈ {1, . . . , n}.

Ïðè ðàññìîòðåíèè îêîí÷àòåëüíîé çàäà÷è (ñ ó÷åòîì âñåõ äîïîë-
íåíèé) ïîäîáíîå îãðàíè÷åíèå ìîæåò ïîçâîëèòü óïðîñòèòü ñèñòåìó
îãðàíè÷åíèé ïîäñòàíîâêîé âî âñå óðàâíåíèÿ åäèíèöû âìåñòî yj è
ñîêðàùåíèåì êîëè÷åñòâà ïåðåìåííûõ çàäà÷è.

Çàïðåòû íà îäíîâðåìåííîå âõîæäåíèå. Ïóñòü çàäàíî áè-
íàðíîå îòíîøåíèå Rsc ⊆ S × C, çàäàþùåå òàêîé íàáîð ïàð 〈s, c〉,
êîòîðûå íå ìîãóò âõîäèòü â îäíó ãðóïïó. Â çàäà÷å ìàòåìàòè÷åñêî-
ãî ïðîãðàììèðîâàíèÿ ïåðåìåííàÿ xij ñîîòâåòñòâóåò ôàêòó âõîæäå-
íèÿ ñàòåëëèòà si â ãðóïïó ñ öåíòðîì cj , à ïîñêîëüêó ýòî åäèíñòâåí-
íûé âàðèàíò, êîãäà ñàòåëëèò è öåíòð îêàçûâàþòñÿ â îäíîé ãðóïïå,
òî çàïðåò íà âõîæäåíèå, âûðàæàåìûé îòíîøåíèåì Rsc, ìîæåò áûòü
ó÷òåí â çàäà÷å ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ äîáàâëåíèåì
îãðàíè÷åíèé âèäà:

xij = 0, ∀i∀j(siRsccj).

Äðóãîé ñïîñîá ó÷åñòü îòíîøåíèå Rsc â ìàòåìàòè÷åñêîé ïî-
ñòàíîâêå çàäà÷è ãðóïïèðîâêè� âìåñòî D èñïîëüçîâàòü â öåëåâîé
ôóíêöèè îòîáðàæåíèå D′, îïðåäåëÿåìîå ñëåäóþùèì îáðàçîì:

D′(si, ci) =

{
D(si, ci), 〈si, ci〉 /∈ Rsc

M, 〈si, ci〉 ∈ Rsc.

Çäåñü M � áîëüøîå ïî ìîäóëþ îòðèöàòåëüíîå ÷èñëî, âûïîëíÿ-
þùåå ðîëü øòðàôà.

Ïóñòü çàäàíî áèíàðíîå îòíîøåíèå Rss ⊆ S×S, çàäàþùåå òàêîé
íàáîð ïàð 〈si, sj〉, êîòîðûå íå ìîãóò âõîäèòü â îäíó ãðóïïó.

Â ðàññìàòðèâàåìîé áàçîâîé ïîñòàíîâêå çàäà÷è ãðóïïèðîâêè
êàê çàäà÷è ËÏ ñóììà âèäà xi1,j + xi2,j + · · ·+ xil,j ïîçâîëÿåò îöå-
íèòü, êàêîå êîëè÷åñòâî èç çàäàííûõ l îáúåêòîâ âõîäÿò â ãðóïïó j
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â òåêóùåì ðåøåíèè. Òîãäà îãðàíè÷åíèå íà ñîâìåñòíîå âõîæäåíèå
îáúåêòîâ si1 è si2 â ãðóïïó j çàïèñûâàåòñÿ êàê xi1,j + xi2,j 6 1, à
ïîëíûé íàáîð îãðàíè÷åíèé, ïîêðûâàþùèé âñå îòíîøåíèå Rss è âñå
âîçìîæíûå ãðóïïû:

xi1,j + xi2,j 6 1 j ∈ {1, . . . ,m}, i1, i2 ∈ {1, . . . , n}, si1Rsssi2 .

Êîëè÷åñòâåííûå îãðàíè÷åíèÿ. Ïóñòü çàäàí íåêîòîðûé îä-
íîìåñòíûé ïðåäèêàò P (s), s ∈ S, îáðàçóþùèé â ñî÷åòàíèè ñ èñõîä-
íûì ìíîæåñòâîì S ïîäêëàññ Sp = {s|s ∈ S, P (s)}. Â ðÿäå ñëó÷àåâ
íåîáõîäèìî çàäàòü îãðàíè÷åíèå íà êîëè÷åñòâî ýëåìåíòîâ Sp, âõî-
äÿùèõ â ãðóïïó, èëè ðàçìåð ãðóïïû.

Â îãðàíè÷åíèÿõ çàäà÷è ËÏ äëÿ ãðóïïèðîâêè êîëè÷åñòâî ýëå-
ìåíòîâ â ãðóïïå, êàê óæå áûëî ñêàçàíî âûøå, çàäàåòñÿ êàê ñóììà
çíà÷åíèé ïåðåìåííûõ ñ îïðåäåëåííûìè èíäåêñàìè, òîãäà ðàçìåð
ãðóïïû j âû÷èñëÿåòñÿ êàê: ∑

i∈n
xij ,

à êîëè÷åñòâî ýëåìåíòîâ â ãðóïïå j, ïðèíàäëåæàùèõ êëàññó, áó-
äåò çàäàâàòüñÿ ñëåäóþùåé ñóììîé:∑

si∈Sp

xij .

Íàïðèìåð, òðåáîâàíèå òîãî, ÷òîáû êîëè÷åñòâî ýëåìåíòîâ êëàñ-
ñà Sp â êàæäîé ãðóïïå áûëî áîëüøå b, çàïèñûâàåòñÿ ñëåäóþùèì
îáðàçîì: ∑

i

xij > (b+ 1)yj j ∈ {1, . . . ,m}, si ∈ Sp.

Ïðîèçâåäåíèå â ïðàâîé ÷àñòè íåðàâåíñòâà íåîáõîäèìî, ÷òîáû
íå íàêëàäûâàòü îãðàíè÷åíèå íà íåñóùåñòâóþùèå ãðóïïû. Âìåñòå ñ
òåì, äëÿ íåñóùåñòâóþùèõ ãðóïï îãðàíè÷åíèå äîëæíî âûïîëíÿòüñÿ
âñåãäà, à ïîñêîëüêó ëåâàÿ è ïðàâàÿ ÷àñòè â ýòîì ñëó÷àå ðàâíû
íóëþ, òî ñàìî îãðàíè÷åíèå äîëæíî çàïèñûâàòüñÿ êàê íåñòðîãîå
íåðàâåíñòâî. Ïðåîáðàçîâàíèå èç ñòðîãîãî íåðàâåíñòâà â íåñòðîãîå
äëÿ íàòóðàëüíûõ b òðèâèàëüíî.
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5. Ïîäõîäû ê ðåøåíèþ. Ìåòîäû ðåøåíèÿ çàäà÷è öåíòðàëè-
çîâàííîé ãðóïïèðîâêè ñ ïðîñòåéøåé ñèñòåìîé ïîêàçàòåëåé ñóùå-
ñòâåííî çàâèñÿò îò õàðàêòåðèñòèê ïîêðûòèÿ èñêîìîé ãðóïïèðîâêè,
îò âèäà îòíîøåíèé Rss è Rsc è îò íàëè÷èÿ êîëè÷åñòâåííûõ îãðà-
íè÷åíèé íà ñîñòàâ ãðóïï.

Â îáùåì, è íàèáîëåå ñëîæíîì, ñëó÷àå ýòà çàäà÷à ðåøàåòñÿ òðà-
äèöèîííûìè äëÿ çàäà÷ öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ ñïîñî-
áàìè� íàïðèìåð, âàðèàíòîì ìåòîäà âåòâåé è ãðàíèö. Îäíàêî â ðÿ-
äå ñëó÷àåâ âîçìîæíî ïîñòðîåíèå ýôôåêòèâíûõ ïîëèíîìèàëüíûõ
àëãîðèòìîâ. Ðàññìîòðèì òàêèå ñëó÷àè.

Ïîëíàÿ èëè ïîëíàÿ ïî C ãðóïïèðîâêà áåç êîëè÷åñòâåííûõ îãðà-

íè÷åíèé ïðè Rss = ∅. Ïîäõîä ê ðåøåíèþ çàäà÷è ãðóïïèðîâêè â
ýòîì ÷àñòíîì ñëó÷àå îñíîâàí íà ïðåäñòàâëåíèè åå â âèäå ýêâèâà-
ëåíòíîé m × n çàäà÷è î íàçíà÷åíèè, ðåøåíèå êîòîðîé ïî [1] ñâî-
äèòñÿ ê ïîèñêó ïîòîêà ìèíèìàëüíîé ñòîèìîñòè â ñïåöèàëüíûì îá-
ðàçîì ïîñòðîåíîé ñåòè.

Ïðèíöèï ïîñòðîåíèÿ ñåòèM ′(V,E, a, f) ñëåäóþùèé. Ïóñòü ìíî-
æåñòâî âåðøèí V = C ∪ S ∪ {s} ∪ {t} ∪ {q}. Òî åñòü, â ìíîæåñòâå
âåðøèí ãðàôà åñòü ïî îäíîé âåðøèíå äëÿ êàæäîãî èç ýëåìåíòîâ
ìíîæåñòâà C ∪ S, âåðøèíà�èñòî÷íèê s, âåðøèíà�ñòîê t è äîïîë-
íèòåëüíàÿ ôèêòèâíàÿ âåðøèíà q. Îáîçíà÷åíèå ìíîæåñòâà âåðøèí
V ìû áóäåì óïîòðåáëÿòü òàêæå è â ôóíêöèîíàëüíîì êîíòåêñòå
â êà÷åñòâå îáîçíà÷åíèÿ îòîáðàæåíèÿ ìåæäó ìíîæåñòâàìè èñõîä-
íûõ îáúåêòîâ è ìíîæåñòâîì âåðøèí ãðàôà. Ïðè ýòîì çàïèñü V (si)
ñëåäóåò èíòåðïðåòèðîâàòü êàê ¾âåðøèíà ãðàôà, ñîîòâåòñòâóþùàÿ
îáúåêòó si¿. Ìíîæåñòâî äóã E, âìåñòå ñ îòîáðàæåíèÿìè a è f , çà-
äàþùèìè ïðîïóñêíûå ñïîñîáíîñòè äóã è ñòîèìîñòè èñïîëüçîâàíèÿ
åäèíèöû ïðîïóñêíîé ñïîñîáíîñòè, ÿâëÿåòñÿ îáúåäèíåíèåì ñëåäóþ-
ùèõ ìíîæåñòâ:

• ìíîæåñòâî äóã âèäà 〈V (cj), V (si)〉, ãäå si ∈ S, cj ∈ C, 〈si, cj〉 /∈
Rsc. Äëÿ òàêèõ äóã ïðèíèìàåòñÿ

a(V (cj), V (si)) =∞, f(V (cj), V (si)) = −d(si, cj);

• ìíîæåñòâî äóã âèäà 〈s, V (cj)〉, ãäå cj ∈ C. Äëÿ òàêèõ äóã
ïðèíèìàåòñÿ a(s, V (cj)) = 1, f(s, V (cj)) = 0;

• ìíîæåñòâî äóã âèäà 〈V (si), t〉, ãäå si ∈ S. Äëÿ òàêèõ äóã ïðè-
íèìàåòñÿ a(V (si), t) = 1, f(V (si), t) = 0;
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• äóãà 〈s, q〉, äëÿ êîòîðîé ïðèíèìàåòñÿ

a(s, q) = |S| − |C|, f(s, q) = 0;

• ìíîæåñòâî äóã âèäà 〈s, V (cj)〉, ãäå cj ∈ C. Äëÿ òàêèõ äóã
ïðèíèìàåòñÿ a(s, V (cj)) =∞, f(s, V (cj)) = 0.

Ëåãêî ïîêàçàòü, ÷òî ïîòîê âåëè÷èíû m â òàêîé ñåòè ñîîòâåò-
ñòâóåò ïîëíîé ãðóïïèðîâêå èñõîäíûõ ìíîæåñòâ, à ïîòîê âåëè÷èíû
m ìèíèìàëüíîé ñòîèìîñòè � îïòèìàëüíîé ïîëíîé ãðóïïèðîâêå.

Äëÿ ïîèñêà ïîëíûõ ïî C ãðóïïèðîâîê ìîæíî ðàññìîòðåòü ñå-
ìåéñòâî ñåòåé M ′[x], êîòîðûå ñòðîÿòñÿ òàê æå, êàê è ñåòü M ′,
íî èìåþò ïðîïóñêíóþ ñïîñîáíîñòü äóãè 〈s, q〉 ðàâíóþ x. Ðåøå-
íèåì çàäà÷è ïîëíîé ïî C ãðóïïèðîâêå ÿâëÿåòñÿ ìàêñèìàëüíûé
ïîòîê ìèíèìàëüíîé ñòîèìîñòè â ñåòè M ′[x]|06x6|S|−|C|. Â ñàìîì
ïðîñòîì ñëó÷àå, ìîæíî ðàññìàòðèâàòü ïîñëåäîâàòåëüíî âñå ñåòè
M ′[0], . . . ,M ′[|S|− |C|] è ðåøàòü äëÿ êàæäîé çàäà÷ó ïîèñêà ìàêñè-
ìàëüíîãî ïîòîêà ìèíèìàëüíîé ñòîèìîñòè.

Íåïîëíàÿ èëè ïîëíàÿ ïî S ãðóïïèðîâêà áåç êîëè÷åñòâåííûõ

îãðàíè÷åíèé ïðè Rss = ∅. Ïðè àíàëèçå ïîäîáíîãî âèäà ãðóïïèðî-
âîê ïëîäîòâîðíûì òàêæå îêàçûâàåòñÿ ãðàôîâîå ïðåäñòàâëåíèå çà-
äà÷è. Ðàññìîòðèì âçâåøåííûé íåîðèåíòèðîâàííûé ãðàô M(V, E,
f), ó êîòîðîãî V = C ∪ S (ïî àíàëîãèè ñ ïðåäûäóùåé çàäà÷åé ìû
áóäåì óïîòðåáëÿòü V è â ôóíêöèîíàëüíîì êîíòåêñòå êàê îáîçíà÷å-
íèå ñîîòâåòñòâóþùåãî îòîáðàæåíèÿ èç C ∪ S â ìíîæåñòâî âåðøèí
ãðàôà). Ìíîæåñòâî æå ðåáåð çàäàåòñÿ òàê: E = V (S)×V (C) \Rsc,
à âåñ ðåáðà f(V (cj), V (si)) = d(si, cj), 〈V (si), V (cj)〉 ∈ E.

Òîãäà íàõîæäåíèå ïîëíîé ïî S îïòèìàëüíîé ãðóïïèðîâêè ðàâ-
íîñèëüíî íàõîæäåíèþ òàêîãî ìíîæåñòâà ðåáåð ãðàôà, ÷òî êàæäîé
âåðøèíå s ∈ V (S) èíöèäåíòíî îäíî è òîëüêî îäíî ðåáðî èç ýòîãî
ìíîæåñòâà, à ñóììàðíûé âåñ ðåáåð ìàêñèìàëåí.

Ðàññìîòðèì ïàðó ìíîæåñòâ (E,P ), ãäå E �ìíîæåñòâî âñåõ ðå-
áåð ãðàôà M , à P �ìíîæåñòâî òàêèõ ïîäìíîæåñòâ E, ãäå íè îäíà
ïàðà ðåáåð íå èìååò îáùåé âåðøèíû èç ìíîæåñòâà V (S).

Óòâåðæäåíèå 1. Ïàðà ìíîæåñòâ (E,P ) ÿâëÿåòñÿ ìàòðîè-
äîì, â êà÷åñòâå íîñèòåëÿ â êîòîðîì âûñòóïàåò E �ìíîæåñòâî

ðåáåð ãðàôàM , à íåçàâèñèìûì ìíîæåñòâîì ÿâëÿåòñÿ òàêîå ìíî-

æåñòâî ðåáåð ãðàôà M , íè îäíà ïàðà èç êîòîðûõ íå èìååò îáùåé

âåðøèíû â S.
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Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ, ìàòðîèäîì íàçûâàåòñÿ òà-
êàÿ ïàðà (X, I), ãäå X - êîíå÷íîå ìíîæåñòâî, à I - ìíîæåñòâî ïîä-
ìíîæåñòâ X, äëÿ êîòîðûõ âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ [2]:

1. ∅ ∈ I;

2. Åñëè A ∈ I è B ∈ A, òî B ∈ I;

3. Åñëè A,B ∈ I è ìîùíîñòü A áîëüøå ìîùíîñòè B, òî ñóùå-
ñòâóåò x ∈ A \B òàêîé, ÷òî B ∪ {x} ∈ I.

Ïåðâîå è âòîðîå óñëîâèÿ î÷åâèäíû, äîêàæåì, ÷òî äëÿ ïàðû
(E,P ) âûïîëíÿåòñÿ òðåòüå. Èòàê, ïóñòü åñòü äâà P1, P2 ∈ P è
|P1| > |P2|. Îöåíèì âåëè÷èíó qs(Ip) - êîëè÷åñòâî s ∈ V (S), èìå-
þùèõ èíöèäåíòíûå ðåáðà â íåêîòîðîì íåçàâèñèìîì ìíîæåñòâå
Ip ∈ P . Ïîñêîëüêó êàæäîå ðåáðî èíöèäåíòíî òîëüêî îäíîé âåð-
øèíå èç V (S), èñêîìîå êîëè÷åñòâî íå ìîæåò áûòü áîëüøå êîëè÷å-
ñòâà ðåáåð â Ip, òî åñòü, qs(Ip) 6 |Ip|. Ñ äðóãîé ñòîðîíû, èç ñïî-
ñîáà çàäàíèÿ P ñëåäóåò, ÷òî íèêàêàÿ âåðøèíà èç V (S) íå ìîæåò
áûòü èíöèäåíòíà áîëåå ÷åì îäíîìó ðåáðó, ÷òî èñêëþ÷àåò ñëó÷àé
qs(Ip) < |Ip|. Ñëåäîâàòåëüíî, qs(Ip) = |Ip|. Çíà÷èò, qs(P1) > qs(P2)
è â P1 íàéäåòñÿ òàêîé ýëåìåíò 〈sa, cb〉, ÷òî sa /∈ {si|〈si, cj〉 ∈ P2}.
Íàéäåííûé ýëåìåíò ìîæíî äîáàâèòü ê P2. Ðàñøèðåííîå òàêèì îá-
ðàçîì ìíîæåñòâî P2 âñå ðàâíî îñòàíåòñÿ íåçàâèñèìûì, à çíà÷èò,
âûïîëíÿåòñÿ è òðåòüå óñëîâèå îïðåäåëåíèÿ ìàòðîèäà.

Ìàêñèìàëüíûì ïî âêëþ÷åíèþ íåçàâèñèìûì ìíîæåñòâîì (áà-
çîé) ìàòðîèäà (E,P ) ÿâëÿåòñÿ ìíîæåñòâî, â êîòîðîì ó êàæäîé
âåðøèíû ãðàôà s ∈ S åñòü ðîâíî îäíî èíöèäåíòíîå ðåáðî. Ñîïî-
ñòàâèâ ýòî ñ ãðàôîâîé ïîñòàíîâêîé çàäà÷è ïîëíîé ïî S ãðóïïèðîâ-
êå, ïîëó÷àåì, ÷òî äàííûé âàðèàíò ãðóïïèðîâêè ñâîäèòñÿ ê ïîèñêó
áàçû ìàêñèìàëüíîãî âåñà â îïèñàííîì ìàòðîèäå.

Ïîèñê áàçû ìàêñèìàëüíîãî âåñà â ìàòðîèäå ýôôåêòèâíî îñó-
ùåñòâëÿåòñÿ æàäíûì àëãîðèòìîì Ðàäî�Ýäìîíäñà [3].

6. Çàêëþ÷åíèå.

Â ðàáîòå ïðåäëîæåíà ñõåìà ïðåîáðàçîâàíèÿ íåêîòîðûõ âèäîâ
âåêòîðíûõ îãðàíè÷åíèé, à èìåííî � îãðàíè÷åíèé íà ðàçáðîñ çíà-
÷åíèé àòðèáóòà â ãðóïïå è íà ñîñòàâ ãðóïïû� â áèíàðíûå îòíîøå-
íèÿ è ó÷åòà ýòèõ áèíàðíûõ îòíîøåíèé â ïîñòàíîâêå çàäà÷è öåëî-
÷èñëåííîãî ïðîãðàììèðîâàíèÿ.

Ïðîàíàëèçèðîâàíû ñïîñîáû ðåøåíèÿ ïîëó÷àþùåéñÿ çàäà÷è öå-
ëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ è ïîêàçàíî, ÷òî ïðè îòñóòñòâèè
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ñòðóêòóðíûõ îãðàíè÷åíèé è îãðàíè÷åíèé íà îäíîâðåìåííîå âõîæ-
äåíèå â ãðóïïó äâóõ ñàòåëëèòîâ. Äëÿ äàííîé çàäà÷è ñóùåñòâóþò
ýôôåêòèâíûå ïîëèíîìèàëüíûå àëãîðèòìû: çàäà÷è ïîëíîé è ïîë-
íîé ïî C ãðóïïèðîâêè ñâîäÿòñÿ ê ïîèñêó ïîòîêà ìèíèìàëüíîé ñòî-
èìîñòè, à íåïîëíîé è ïîëíîé ïî S ðåøàþòñÿ æàäíûì àëãîðèòìîì.
Â èíûõ ñëó÷àÿõ ìîæíî ïðèìåíÿòü îáùóþ ñõåìó ðåøåíèÿ çàäà÷
öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ.

Äàëüíåéøóþ ðàáîòó ïðåäñòàâëÿåòñÿ öåëåñîîáðàçíûì âåñòè ïî
ñëåäóþùèì íàïðàâëåíèÿì: ðàññìîòðåíèå äðóãèõ êëàññîâ âåêòîð-
íûõ îãðàíè÷åíèé, ïîèñê ýôôåêòèâíûõ àëãîðèòìîâ äëÿ äðóãèõ
÷àñòíûõ ñëó÷àåâ, èññëåäîâàíèå âîïðîñà î ñóùåñòâîâàíèè áîëåå
áûñòðûõ ñïîñîáîâ íàõîæäåíèÿ îïòèìàëüíûõ ðåøåíèé äëÿ ñåìåé-
ñòâà ñåòåé M ′[x]|06x6|S|−|C|, ÷åì ïîñëåäîâàòåëüíûé ïåðåáîð ýëå-
ìåíòîâ ýòîãî ñåìåéñòâà.
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ÐÅÔÅÐÀÒ

Ìóñòàôèí Í.Ã., Ïîíîìàðåâ À.Â., Ñàâîñèí Ñ.Â. Ìåòîä îïòè-

ìàëüíîé ãðóïïèðîâêè âåêòîðíûõ îáúåêòîâ îòíîñèòåëüíî

öåíòðîâ.
Â ñòàòüå ðàññìàòðèâàþòñÿ âîïðîñû, ñâÿçàííûå ñ îïòèìàëüíîé ãðóï-

ïèðîâêîé îáúåêòîâ, êàæäûé èç êîòîðûõ îïèñûâàåòñÿ íàáîðîì õàðàêòå-

ðèñòèê, îòíîñèòåëüíî ïîòåíöèàëüíûõ öåíòðîâ ãðóïï. Öåëüþ ðàáîòû ÿâ-

ëÿåòñÿ èññëåäîâàíèå ïîäõîäîâ ê ïðåäñòàâëåíèþ è ðåøåíèþ çàäà÷ òàêîãî

ðîäà.

Ñëîæíîñòü çàäà÷è ãðóïïèðîâêè ñóùåñòâåííûì îáðàçîì çàâèñèò îò

äåòàëåé åå ïîñòàíîâêè: îò èñïîëüçóåìîé ñèñòåìû ïîêàçàòåëåé, ÷åðåç êî-

òîðóþ îïðåäåëÿåòñÿ îïòèìàëüíîñòü ãðóïïèðîâêè, îò òðåáóåìîãî ïîêðû-

òèÿ èñõîäíûõ ìíîæåñòâ è îò äîïîëíèòåëüíûõ îãðàíè÷åíèé. Â ñòàòüå

èñïîëüçóåòñÿ ïðîñòåéøàÿ ñèñòåìà ïîêàçàòåëåé, â êîòîðîé îöåíêà ãðóï-

ïèðîâêè ôîðìèðóåòñÿ òîëüêî íà îñíîâàíèè áèíàðíîé ôóíêöèè, çàäàþ-

ùåé ýôôåêò îò ïðèñîåäèíåíèÿ îáúåêòà ê îïðåäåëåííîìó öåíòðó. Ñ òî÷-

êè çðåíèÿ ïîêðûòèÿ àíàëèçèðóþòñÿ 4 âèäà çàäà÷: ïîëíàÿ, ïîëíàÿ ïî S,
ïîëíàÿ ïî C è íåïîëíàÿ.

Ðàññìàòðèâàþòñÿ äâà âèäà ñïåöèôè÷åñêèõ âåêòîðíûõ îãðàíè÷åíèé

çàäà÷è ãðóïïèðîâêè: îãðàíè÷åíèå íà ðàçáðîñ ïàðàìåòðà â ãðóïïå è îãðà-

íè÷åíèå íà ñîñòàâ ãðóïïû. Ïîêàçàíî, êàêèì îáðàçîì ýòè îãðàíè÷åíèÿ

ìîãóò áûòü ó÷òåíû â ïîñòàíîâêå çàäà÷è ãðóïïèðîâêè êàê çàäà÷è öå-

ëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ. Îãðàíè÷åíèå íà ðàçáðîñ ïàðàìåòðà â

ãðóïïå ïðåäñòàâëÿåòñÿ â âèäå áèíàðíîãî îòíîøåíèÿ çàïðåòà íà îäíîâðå-

ìåííîå âõîæäåíèå, êîòîðîå íåïîñðåäñòâåííî ïðåîáðàçóåòñÿ â ìíîæåñòâî

ïîïàðíûõ îãðàíè÷åíèé, îãðàíè÷åíèå æå íà ñîñòàâ ðåàëèçóåòñÿ ââåäåíè-

åì ïðåäèêàòîâ ïðèíàäëåæíîñòè êëàññàì è ñîñòàâëåíèåì îãðàíè÷åíèé íà

îñíîâå ñóìì, îáðàçóåìûõ ñ ó÷åòîì ýòèõ ïðåäèêàòîâ.

Ïðîàíàëèçèðîâàíû ñïîñîáû ðåøåíèÿ ïîëó÷àþùåéñÿ çàäà÷è öåëî÷èñ-

ëåííîãî ïðîãðàììèðîâàíèÿ è ïîêàçàíî, ÷òî ïðè îòñóòñòâèè ñòðóêòóð-

íûõ îãðàíè÷åíèé è îãðàíè÷åíèé íà îäíîâðåìåííîå âõîæäåíèå â ãðóïïó

äâóõ ñàòåëëèòîâ. Äëÿ äàííîé çàäà÷è ñóùåñòâóþò ýôôåêòèâíûå ïîëèíî-

ìèàëüíûå àëãîðèòìû: çàäà÷è ïîëíîé è ïîëíîé ïî C ãðóïïèðîâêè ñâî-

äÿòñÿ ê ïîèñêó ïîòîêà ìèíèìàëüíîé ñòîèìîñòè, à íåïîëíîé è ïîëíîé

ïî S ðåøàþòñÿ æàäíûì àëãîðèòìîì. Â èíûõ ñëó÷àÿõ ìîæíî ïðèìåíÿòü

îáùóþ ñõåìó ðåøåíèÿ çàäà÷ öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ.

Äàëüíåéøóþ ðàáîòó ïðåäñòàâëÿåòñÿ öåëåñîîáðàçíûì âåñòè ïî ñëåäó-

þùèì íàïðàâëåíèÿì: ðàññìîòðåíèå äðóãèõ êëàññîâ âåêòîðíûõ îãðàíè-

÷åíèé è ïîèñê ýôôåêòèâíûõ àëãîðèòìîâ äëÿ äðóãèõ ÷àñòíûõ ñëó÷àåâ.
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SUMMARY

Musta�n N.G., Ponomarev A.V., Savosin S.V. A method for opti-

mal grouping of vector objects around centers.
The paper discusses issues related to the optimal grouping of objects,

each of which is described by a set of characteristics around potential centers

of groups. The possible interpretations of this problem include optimal team

building, various location and regional analysis tasks. The aim is to study

the approaches to the representation and solution of problems of this kind.

The input for the grouping problem being discussed consists of two

sets: potential centres (C) and satellites (S). Each group must contain one

potential centre and may contain several satellites. The quality of solution

is measured by a system of indicators. The complexity of the grouping task

depends signi�cantly on its details: the system of indicators, in which terms

the grouping optimality is de�ned, the required coverage of the original sets

and the additional restrictions. The paper uses a simple system of indicators,

which estimate groupings only on the basis of binary function that de�nes the

e�ect of the assigning an object to a particular center. From the standpoint

of coverage four types of tasks are discussed: the complete, S�complete,
C�complete, and incomplete.

Two types of vector-speci�c constraints of the grouping problem are

reviewed: limiting of the spread parameter in the group and structural

restrictions on the group. It is shown how these limitations can be addressed

in the grouping problem as integer programming problem. Spread limit in

the group is represented as a binary relation of mutual exclusion, which is

directly converted into a set of pairwise constraints. Structural restrictions

are based on introducing class predicates and composing integer problem

constraints as sums with respect to these predicates.

The di�erent methods of solving the resulted integer programming

problem are discussed. It is shown that in case of absence of structural

restrictions and mutual exclusion restrictions on pairs of satellites, there

are e�cient polynomial algorithms: the complete and C�complete grouping
problems are reduced to �nding the minimum cost �ow in a network, built in

a special way, on the other hand, the incomplete and S�complete grouping
problems are solved by the greedy algorithm, because their structure is

proven to be a matroid. In other cases, the general scheme of solving integer

programming problems can be applied.

The directions of further work on this topic are: the analysis of other

classes of vector constraints and the search for e�cient algorithms for other

special cases.
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