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Abstract. The problem of the pursuit curve construction in the case when the tangent 
to pursuer’s motion trajectory passes at any time through the point representing the pursued 
is considered. A new approach to construct the pursuit curves using difference schemes is 
proposed. The proposed technique eliminates the need to derive the differential equations 
for the description of the pursuit curves, which is quite difficult task in the general case. In 
addition, the application of difference methods is justified in a situation where it is 
complicated to find the analytical solution of an existing differential equation and it is 
possible to obtain the pursuit curve only numerically. Various modifications of difference 
schemes respectively equivalent to the Euler, to the Adams – Bashforth and to the Milne 
methods are constructed. Their software implementation is realized by using the 
mathematical package Mathcad. We consider the case of a uniform rectilinear motion of the 
pursued whose differential equation describing the path of the pursuer and its analytical 
solution are known. We compare the numerical solutions obtained by the different methods 
with the well-known analytical solution. The error of the obtained numerical solutions is 
examined. Moreover, an application is considered illustrating the construction of the 
difference schemes for the case of an arbitrary trajectory of the pursued. Also, we extend the 
proposed method to the case of cyclic pursuit with several participants in the three-
dimensional space. In particular, we construct a difference scheme equivalent to the Euler 
method for a three-dimensional analogue of the "bugs problem". The results obtained are 
demonstrated by means of animated examples for either two-dimensional or three-
dimensional cases. 

Keywords: Differential Games, Pursuit Problem, Pursuit Curve, Numerical Methods, 
Difference Methods, the Euler Method, "Three Bugs" or "Three Mice" Problem, Mathcad. 
 

1. Introduction. The pursuit problem belongs to a class of long and 
widely studied problems. The leading role in the formulation of this problem 
belongs to research conducted in the field of the differential games, where it 
is necessary to choose the optimal pursuit strategy [1-6]. A common strategy 
is the pursuit method [7] which determines the motion of the pursuer in such 
way that the tangent to the trajectory of its motion at any time passes through 
the position of the point associated with the pursued. The problem of 
constructing the trajectory of the pursuer — the pursuit curve — is relevant 
in various areas and it has a wide practical value, in particular, in mechanics, 
military affairs, control systems [8-25]. 

Despite the variety of applied problems, only particular cases of pursuit 
are sufficiently studied, for example, the case of a simple motion when the 
pursued entity moves uniformly along a straight line. For this case, it is possible 
to explicitly write a second-order nonlinear differential equation describing the 
pursuit curve and to find its analytical solution [9, 10]. It is assumed, for 
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definiteness, that the pursued entity begins a uniform motion with speed v  
along the axis Oy from the origin of coordinates, while the pursuer starts with 
speed 𝑉ത  from the point with coordinates (1,0) (Figure 1). 

 

 
Fig. 1. Scheme of a simple motion 

 

Then the sought differential equation is given by [9, 10]: 
 

21
( ) 1 ( ( )) ,y x y x

kx
     (1) 

 

where /k v V  is the ratio of the speeds of the pursued and of the pursuer. 
Taking into account the zero initial conditions (1) 0, (1) 0,y y   

which emerge from the statement of the problem, the solution of equation (1) 
is described as follows [10]: 
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2 21
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4
y x x x k      

(2) 

 

To find the pursuit curve in particular cases, either kinematics 
methods [11-14] or parametrization methods [8] are also used. 

However, the question of describing the curve of the pursuer in the 
general case remains open due to the complexity of deriving the differential 
equation itself, as well as finding its analytical solution. 

This article proposes a numerical approach for constructing the pursuit 
curve based on difference schemes. Numerical methods are often used in 

1407SPIIRAS Proceedings. 2019. Vol. 18 No. 6. ISSN 2078-9181 (print) 
ISSN 2078-9599 (online) www.proceedings.spiiras.nw.ru 

MATHEMATICAL MODELING, NUMERICAL METHODS_____________________________________________



differential games problems, also in relation to the pursuit curve problem. In 
particular, the grid method and its variations are widely known [22-24], they 
are designed to derive the value function in a time-optimal game and the 
optimal trajectory [22]. This method is also successfully applied to solve the 
pursuit problem in distributed control systems [25]. The difference schemes 
investigated in the mentioned works are constructed for an available 
differential equation describing the pursuit process. 

The proposed approach instead makes it possible to abandon the need 
to derive the differential equation that describes the pursuit trajectory. In 
addition, the application of this approach is justified in a situation where it is 
difficult to find the analytical solution of the existing differential equation and 
it is possible to obtain the pursuit curve only by numerical methods. The 
possibility of this approach is described, in particular, in reference [26]. 

2. Construction of a difference scheme equivalent to the Euler 
method. Initially, it is constructed a difference scheme for the case of a 
simple motion (Figure 1) in order to show the approximation of a well-known 
analytical solution (2). 

Then we deal with the parametrization with respect to time  𝑡  and 
denote at each time point the known coordinates of the pursued with 

( ), ( )x t y t  and the unknown coordinates of the pursuer with ( ), ( )X t Y t [8]. 

According to the law of the uniform rectilinear motion, the coordinates 
( ), ( )x t y t  of the pursued along the axis Oy, are determined by the formulas: 

 

( ) 0,x t    

( ) .y t v t    
(3) 

 

The pursuit time is divided into 𝑛 time intervals and the time step is 
denoted t , and the approximate coordinates of the pursued and of the 

pursuer at each step: ,i ix y  and , , , ,0i iX Y i n  respectively. At the initial 

time, the coordinates have the following values: 
 

0 0

0 0

0, 0,

0, 0.

x y

X Y

 

 
 (4) 

 

From (3) it follows that the coordinates of the pursued

1 1, , 0, 1,i ix y i n     are defined as follows: 
 

1

1

0,
 0, 1.

  ,
i

i i

x
i n

y y v t





 

  
 (5) 
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In order to determine the coordinates of the pursuer at step 1,i   
geometric constructions are used (Figure 2). 
 

 
Fig. 2. Construction of the difference scheme 

 
The acute angle between the tangent to the pursuit curve and the Ox 

axis at step i is denoted by φi . Obviously, at the initial time 0φ 0. The 

tangent of the right angle (Figure 2) is given by: 
 

tg(φ ) , 0, 1.i i
i

i i

y Y
i n

x X


  


 (6) 

 
From the right triangle ABC we obtain: 

 

1

1
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i i i
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or 
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1
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i i i

i i i
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






   

   
 0, 1.i n    (8) 

 

Since the velocity vector V  is directed tangentially, the following 
relation applies: 
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.AC V t    (9) 

 
Taking into account (6) and generalizing formula (8) for the cases where 

the angle φi  is located in any coordinates quarter, the following recurrence 

formulas are derived for determining the coordinates of the pursuer: 
 

1

1

cos(φ ),

sin(φ ),

i i i

i i i

X X V t

Y Y V t




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   
 0, 1,i n   (10) 

 

where 
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 (11) 

 

It should be noted that the calculation by the difference scheme (10) 
should be stopped if at any step k n  the equality ,k k k kx X y Y   is 

verified. In fact, this means that the pursuer caught up with the pursued, i.e. 
the pursuit is complete. 

Thus, the central element of the proposed method is the calculation 

at each step 𝑖 of the angle φi  between the tangent to the pursuit curve and 

the axis Ox. The expressions cos(φ )iV t   and sin(φ )iV t    are 

respectively approximate increments of functions ( )X t  and ( )Y t  per step

t  (Figure 2), and, therefore, at a small step, these expressions serve as 
analogues of the differentials of the functions ( )X t  and ( )Y t  at the 

point .it  Therefore, it can be said that the difference scheme (10) is 

equivalent to the classical difference scheme, which is constructed by 
the Euler method for finding the solution ( )u t  of a Cauchy 

problem of the type: 
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( ) ( ),u t f t   

0 0( ) ,u t u  
(12) 

 

and it has the form [27]: 
 

1 d ( ), 0, 1,i i iu u u t i n      (13) 
 

where it  is a partition point, iu are the values of the approximate solution at 

the partition points, ∆t is the step. 
The difference scheme (10) is implemented using the mathematical 

package Mathcad [28, 29] for given values of the number of steps n , step 
t  and speeds v  and ( ).V v V  A numerical solution of the problem is 

obtained in terms of the vectors ( , ), 1,i iX Y i n , that is, we obtain an 

approximation of the pursuit curve. A comparison with the analytical 
solution (2) is made. The results are shown in Figure 3a, b (the animation 
for Figure 3a is posted on an electronic resource 
https://community.ptc.com/t5/PTCMathcad/OchkovArticleAnimaions/td-
p/583048). 

From the graphs shown in Figure 3, it is clear that the obtained 
numerical solution actually implements the pursuit method (the tangent at the 
selected point of the pursuer’s trajectory passes through the point of the 
pursued entity — Figure 3b) and approximates the analytical solution quite  
well Figure 3a. 
 

 
Fig. 3(a). Comparison of numerical and analytical pursuit curves: general view 
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Fig. 3(b). Comparison of numerical and analytical pursuit curves: scaled view of 
part of the curve 

 

In Figure 4 it is reported a plot showing the error ε of the numerical 
solution, defined according to the formula: 
 

    ,i i iy X Y X    (14) 
 

where ( )iy X  is defined according to (2). 

As can be seen from Figure 4, because of accumulation, the error 
becomes equal to the step 310 ,t    that is, the difference scheme (10) has 
an accuracy of the first order corresponding to the Euler method [27]. 

 

 
Fig. 4. Numerical solution error 
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3. Construction of difference schemes using linear multi-step 
methods. The Euler method, that is used to construct the difference scheme 
described above, is a rather "rough" method of approximate calculation. To 
increase accuracy, linear multi-step methods are usually applied. These 
methods use not only one, but several previously calculated values of the 
sought function [27]. Let us consider the construction of a difference scheme 
equivalent to the two-step Adams – Bashforth method, which for a Cauchy 
problem of the form (12) is given by the formula [27]: 

 

 1 0 0d ,u u u t   

   1 1
3 1

d d , 1, 1.
2 2i i i iu u u t u t i n       

(15) 

 

This method has, in contrast to the Euler method, an accuracy of the 
second order [27]. 

The difference scheme (10) is modified in accordance with (15). 

Taking into account the fact that the expressions cos(φ )iV t    and 

sin(φ )iV t    have the meaning of differentials of the functions  X t  and 

 Y t  at the point ,it  the modified difference method will be: 
 

1 0 0 1 0 0cos(φ ), sin(φ ),X X V t Y Y V t         

1 1
3 1

cos(φ ) cos(φ ),
2 2i i i iX X V t V t          

1 1
3 1

  sin(φ ) sin(φ ),
2 2i i i iY Y V t V t          

1, 1,i n   

(16) 

 

where φi  is defined by the formula (11). 

The difference scheme (16) is implemented using the Mathcad 
mathematical package for given values of the number of steps ,n  step ∆𝑡 

and speeds , ( )v V v V . The obtained numerical solution is compared with 

the analytical solution (2) and with the solution obtained using the 
difference method (10). The results are shown in Figure 5a, b (the 
animation for Figure 5a is posted on an electronic resource 
https://community.ptc.com/t5/PTCMathcad/OchkovArticleAnimaions/td-
p/583048). 

From Figure 5b it is clear that the numerical solution obtained by the 
difference scheme (16) (equivalent to the Adams – Bashforth method) 
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approximates the analytical solution better than the numerical solution 
obtained by the difference scheme (10) (equivalent to the Euler method): the 
plot of this solution coincides visually with the analytical solution. 
 

 
a) 

 

 
b) 

Fig. 5. Comparison of numerical and analytical pursuit curves:  
а) general view, b) scaled view of part of the curve 

 

The plot in Figure 6 shows the errors of the numerical solutions, 
determined by formula (14). The error of the numerical solution obtained by 

this method (16), for a given step size 310t    is of the order 

analytical pursuit curve
numerical curve by method (10) 
numerical curve by method (16) 
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2 6( ) 10 ,O t    which is far less than the error of the numerical solution 

obtained by method (10). 
 

 
Fig. 6. Numerical error of the solutions obtained by the two methods 

 
If it is necessary to construct the pursuit trajectory with a much smaller 

error, numerical methods of a higher order should be used, for example, the 
predictor-corrector methods which are widely used in applications [30-36]. Let 
us construct the difference scheme equivalent to the fourth-order Milne 
method [37, 38]. This method requires four initial steps and uses a couple of 
finite-difference formulas (a predictor and a corrector). 

For a given initial value 0,u  additional initial values 1 2 3, ,u u u  are 

calculated by some other methods, for example, by the Runge-Kutta method, 
which has fourth-order accuracy [27, 39, 40]. 

Let us consider the predictor-corrector formulas by the Milne method 
starting with the fourth step. 

The predictor formula for the Cauchy problem (12) is defined as 
follows [37]:  

 

      1 3 2 1
4

 2d d 2d
3

pred
i i i i iu u u t u t u t        

 

3, 1.i n   

(17) 

error for the pursuit curve
according to method (10) 
error for the pursuit curve
according to method (16) 
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The corrector formula is defined as follows [37]: 
 

      1 1 1 1
1

  d 4d d
3 ,    

3, 1,

corr pred
i i i i iu u u t u t u t

i n

      

 
 (18) 

 

where expression  1d pred
iu t   defines a predicted differential of function 

 u t  at the point 1it   based on (17). 

Let us consider the difference scheme according to (17)-(18). 
As noted above, the key element of the proposed method is the 

calculation at each step 𝑖 of the angle φi  between the tangent to the pursuit 

curve and the axis Ox. The expressions cos(φ )iV t   and sin(φ )iV t   

are respectively analogues of the differentials of the functions  X t  and 

 Y t  at the point .it  

Accordingly, the essential link of the difference method is the 

calculation of the predicted angle 1 .φ pred
i  

Thus, the difference method is defined as follows: 
 

1 3 i 2 i 1
4

(2 cos(φ ) cos(φ )
3

pred
i iX X V t V t            

 

i2 cos(φ )),V t    

 

1 3 i 2 i 1
4

  (2 sin(φ ) sin(φ )
3

pred
i iY Y V t V t             

 

i2 sin(φ )),V t    

 

1 1 i 1 i
1

( cos(φ ) 4 cos(φ )
3

corr
i iX X V t V t           

 

i 1cos(φ )),predV t     

 

1 1 i 1 i
1

( sin(φ ) 4 sin(φ )
3

corr
i iY Y V t V t           

 

1sin(φ )),pred
iV t     

 

3, 1,i n   

(19) 

 

where  
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 

1 1
1 1

1 1

1 11 1 1
1 1

1 1 1 1

arctg , if  ,

φ arctg ,if   ,  

sgn ,if   ,  
2

3, 1.

pred
predi i

i ipred
i i

predpred predi ii i ipred
i i

pred pred
i i i i

y Y
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x X

y Y
X x

x X

y Y X x

i n





 
 

 

   
 

   

  
   

  
     
  

   

 

 (20) 

 

The difference scheme (19) is implemented using the Mathcad 
mathematical package for given values of the number of steps n , step t  
and speeds , ( ).v V v V  The obtained numerical solution is compared with 
the analytical solution (2) and with the solutions obtained using the difference 
methods (10), (16). The general view of the plot of the analytical solution and 
of the numerical solution obtained using the difference methods (19) is 
identical to the ones in Figures 3, 5. 

The plot in Figure 7 shows the errors of the numerical solutions 
determined according to formula (14) for each of the three solutions obtained by 
the difference scheme (10), (16), (19).  
 

 
Fig. 7. Numerical error of the solutions obtained by the three methods 

error for the pursuit curve
according to method (10) 
error for the pursuit curve 
according to method (16) 
error for the pursuit curve 
according to method (19) 
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The error of the numerical solution obtained by method (19) (equivalent 

to the Milne method), for a given step size 310t   , is of the order 
4 12( ) 10 ,O t    which is significantly less than the errors of the numerical 

solutions obtained by methods (10) and (16) (analogue to the Euler method and 
the Adams-Bashforth method respectively). 

A high accuracy of a numerical solution is achieved by implementing 
of the proposed method. 

Therefore, it can be concluded that the proposed difference 
schemes (10), (16) and (19) allow to construct numerical solutions that 
approximate the analytical pursuit curve with varying accuracy according to 
the specific problem. 

4. Application of difference schemes for constructing the pursuit 
curve in case of an arbitrary trajectory of the pursued. The derived 
difference schemes (10), (16), (19) can be used to obtain a numerical solution 
also if the pursued entity moves not along a straight line, as it was considered 
previously, but along an arbitrary trajectory. 

Let us consider as an example the situation when the pursued moves 
uniformly along an elliptical path, i.e. the coordinates ( ), ( )x t y t  are 

determined by the formulas: 
 

   
   

sin ,

cos , 

x t A v t

y t B v t

  
  

 (21) 

 
where v  is the speed of the pursued, while ,A B  are constant coefficients. 

Let the pursued start moving from the point with coordinates:  
 

0 00,  1.x y   (22) 
 

Then the difference relations (5) take the form: 
 

  
  

1

1

sin 1 ,
   0, 1.

  cos 1 ,

i

i

x A v t i
i n

y A v t i





    
 

    
 (23) 

 
The initial values of the sought coordinates of the pursuer 

, , 0,i iX Y i n  are assumed as follows:  

 

0 00, 1.X Y    (24) 
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Then, by performing the calculation using formulas (10), (16), (19) 
for given values of the number of steps n , step t  and speeds , ( ).v V v V
three numerical versions of the pursuit curve are obtained. 

The implementation of the described algorithm using the Mathcad 
mathematical package is shown in Figures 8a, b (the animation for Figure 8a 
is posted on an electronic resource 
https://community.ptc.com/t5/PTCMathcad/OchkovArticleAnimaions/td-
p/583048). 

From Figure 8b we notice that the numerical pursuit curves 
constructed according to the methods (16) and (19) (analogue to the 
Adams – Bashforth and to the Milne  methods respectively) provide a 
better prediction for the next step of the pursued than the pursuit curve 
constructed according method (10) (equivalent to the Euler method): the 

1n   steps of the pursuer trajectories are directed not at the point of the 
pursued location (as in method (10)), but with anticipation towards 
the ( 1)n    th step of the pursued. 

It is obvious that method (19) (equivalent to the Milne method) 
provides a better approximation to the ( 1)n    th step of the pursued than 

method (16) (equivalent to the Adams – Bashforth method). 
Thus, the possibility of using the difference schemes is 

demonstrated also in the case when the pursued entity moves along an 
arbitrary trajectory. 
 

 
Fig. 8(a). Pursuit curves obtained by different methods for the case of an elliptical 

path of the pursued: general view 
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Fig. 8(b). Pursuit curves obtained by different methods for the case of an elliptical 

path of the pursued: view of part of the curve 
 
The advantage of the proposed method is that it allows to construct 

numerical interpretations of pursuit curves for given strategies of the 
pursued, which are not, generally speaking, solutions of any differential 
equations, as it is usually done in the theory of the differential games (see, 
for example, [41]). 

5. Application of difference schemes for constructing a pursuit 
curve in the three-dimensional space. The proposed method for constructing 
difference schemes can be extended to the case of the three-dimensional space. 
The problem of constructing a pursuit curve in three-dimensional space is most 
often considered in the context of control theory problems with cyclic pursuit, 
where several enumerated objects start moving from different points of the 
space, with each object catching up with the next [42-44]. This case has been 
studied quite well on the plane (see, for example, [45-47]), and it reduces to the 
so-called "bugs problem" (this problem is also known as "mice problem"). [48, 
49], when the objects begin to move uniformly at the same speed from the 
vertices of a regular polygon, with each object moving in the direction of its 
nearest neighbour. In this case, the trajectory of motion of each object is a 
logarithmic spiral [50]. 

We construct a difference scheme equivalent to the Euler method for 
the "bugs problem" in the three-dimensional space, i.e. for the problem of 
finding the trajectories of objects that begin a uniform motion with equal 
speed from the vertices of a regular polyhedron. 

trajectory of the pursued
numerical curve by method (10) 
numerical curve by method (16) 
numerical curve by method (19) 

1420 Труды СПИИРАН. 2019. Том 18 № 6. ISSN 2078-9181 (печ.) 
ISSN 2078-9599 (онлайн) www.proceedings.spiiras.nw.ru

МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ И ПРИКЛАДНАЯ МАТЕМАТИКА_____________________________________________



As a polyhedron, it was considered a tetrahedron with vertices at the 

points    3 1 3 1 2
0,0,0 , , ,0 , 0,1,0  , , , .

2 2 6 2 3

   
      
   

 Let four objects begin 

their uniform motion with the same speed from the vertices of the tetrahedron, 
with the first object following the second, the second following the third, and 
so on (Figure 9). 

The speeds of the four objects are denoted by 1 4,...,v v  (the modules 

of the speeds are set to be equal). The coordinates of each of the objects in a 
time-parametric form will be denoted 

by              1 1 1 4 4 4, , , , , , .x t y t z t x t y t z t  
 

 
Fig. 9. Cyclic pursuit in a tetrahedron 

 

To construct a difference scheme which is similar to the two-
dimensional case, we will not explore the trajectories of the objects of the 
pursuit in the space itself, but their projections on the 0xy  and 0xz  planes. 

A partition of the pursuit time into 𝑛 time intervals is introduced and the 

time step is denoted by t . Then for the coordinates ( ), ( ), 1,4,k kx t y t k   the 

difference relation (10) is written for the two-dimensional case in the 0xy  

plane, and for the coordinate  , 1,4kz t k   in the 0xz  plane. 

To do this, firstly, it is necessary to calculate, respectively, in the 0xy  

and 0xz  planes, the angles  φ ,oxy
i  φ ,oxz

i 1,i n , between the tangent to the 

pursuit curve and the axis Ox by the formula (11). 
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Secondly, one should use not the modules of objects velocities 

, 1,4,kv k   but the modules of their projections , , 1,4oxy oxz
k kv v k   on the 

corresponding planes. 
The difference relations are derived for finding the coordinates   

      1 1 1, ,x t y t z t  of the first object, starting from the origin and following 

the second object with coordinates       2 2 2, , ,x t y t z t  starting the motion 

from the vertex 
3 1

, ,0 .
2 2

 
  
 

 Then the initial values of the coordinates are:  

 

1 1 1
0 0 0 0; x y z    

2 2 2
0 0 0

3 1
, , 0.

2 2
x y z    

(25) 

 

According to (10) and taking into account the above remarks, the 
difference relations are converted to the form: 

 

1 1
1 1

1 1
1 1

1 1
1 1

cos(φ ),

sin(φ ),

sin(φ ),

oxy oxy
i i i

oxy oxy
i i i

oxz oxz
i i i

x x v t

y y v t

z z v t







   

   

   

 

0, 1,i n   

(26) 

 

where 
 

 

2 1
1 2

2 1

2 1
1 2

2 1

2 1 1 2

arctg , for ,

φ arctg ,  for ,

sgn , for ,
2

i i
i i

i i

oxy
i ii i i
i i

i i i i

y y
x x

x x

y y
x x

x x

y y x x





  
      

        
   

 (27) 
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 

2 1
1 2

2 1

2 1
1 2

2 1

2 1 1 2

arctg , for ,

φ arctg , for ,

sgn , for ,
2

0, .

i i
i i

i i

oxz
i ii i i
i i

i i i i

z z
x x

x x

z z
x x

x x

z z x x

i n





  
      

        
   



 

The projections 1
oxyv , 1

oxzv  are found using the geometric 

constructions in Figure 10. 
 

 
Fig. 10. Determination of the projection of the velocity of an object on the plane 

 
Figure 10 shows that the projection is defined as follows: 

 

 1 1 cos ,oxy
iv v    (28) 

 

where ia  is calculated from the relation: 
 

 
2 1

2 22 1 2 1
.

i i
i

i i i i

z z
tg

x x y y





  
 (29) 

 

Similarly, the projection 1
oxzv  is defined: 

1423SPIIRAS Proceedings. 2019. Vol. 18 No. 6. ISSN 2078-9181 (print) 
ISSN 2078-9599 (online) www.proceedings.spiiras.nw.ru 

MATHEMATICAL MODELING, NUMERICAL METHODS_____________________________________________



 

 1 1 cos ,oxz
iv v    (30) 

 

where i  is calculated from the relationship: 
 

 
2 1

2 22 1 2 1
tg .

i i
i

i i i i

y y

x x z z





  
 (31) 

Using (28)-(31), the difference method (26) is obtained in the final form: 
 

 1 1
1 1 cos cos(φ ),oxy

i i i ix x v t       

 

 1 1
1 1 cos sin(φ ),oxy

i i i iy y v t       

 

 1 1
1 1 cos sin(φ ),oxz

i i i iz z v t       

 

0, 1,i n   

(32) 

 
where φഥ௜

௢௫௬ , φഥ௜
௢௫௭  are determined according to (27), and 𝛼௜  and 𝛽௜  are 

determined by the relations: 
 

2 1

2 22 1 2 1

arctg ,
i i

i

i i i i

z z

x x y y



 
 

  
    

 

 

2 1

2 22 1 2 1

arctg .
i i

i

i i i i

y y

x x z z



 
 

  
    

 

(33) 

 
By establishing similar difference relations (32) for the second, third 

and fourth objects and combining them into a system we obtain a complete 
difference method for constructing the pursuit curves in the tetrahedron. 
Figure 11a (animations for Figure 11 are posted on electronic resources 
https://community.ptc.com/t5/PTC-Mathcad/Is-it-my-own-or-Mathcad-15-
error/m-p/576164, https://community.ptc.com/t5/PTC-Mathcad/Bats-

1424 Труды СПИИРАН. 2019. Том 18 № 6. ISSN 2078-9181 (печ.) 
ISSN 2078-9599 (онлайн) www.proceedings.spiiras.nw.ru

МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ И ПРИКЛАДНАЯ МАТЕМАТИКА_____________________________________________



problem/m-p/576137) shows the results of the implementation of the 
difference method in the Mathcad package for the tetrahedron, while Figures 
11b, c show the results of implementing similarly constructed pursuit curves 
for cases when objects start their motion from the vertices of a cube and of a 
dodecahedron respectively. 

It could be noted that the proposed approach allows to construct 
difference schemes not only for objects that start their motion with 
identical speeds from the vertices of Platonic solids, but also for objects 
that move uniformly with different speeds and begin their motion at 
arbitrary points in space. 

 
a) 
 

 
b) 
 

 
c) 

Fig. 11. Constructing the pursuit curves in the three-dimensional space 
 

6. Conclusions. This article proposes a new approach to the 
construction of pursuit curves through the use of difference schemes. The 
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advantage of the proposed approach is the possibility of describing pursuit 
curves in a numerical way without deriving the differential equation. The 
constructed modifications of difference schemes equivalent respectively to the 
Euler, to the Adams – Bashforth and to the Milne methods approximate the 
analytical solution with high accuracy. The proposed approach can be applied 
to the numerical construction of pursuit trajectories with arbitrary pursued 
strategy either in two-dimensional plans or in three-dimensional spaces. 
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ПРИМЕНЕНИЕ РАЗНОСТНЫХ СХЕМ К РЕШЕНИЮ ЗАДАЧИ 
О ПОГОНЕ  

 
Очков В.Ф., Васильева И.Е. Применение разностных схем к решению задачи о погоне.  

Аннотация. В работе рассматривается один из аспектов задачи о преследовании: 
построение траекторий движения преследователя для случая, когда преследование 
осуществляется по методу погони, то есть касательная, проведенная к траектории движения 
преследователя в любой момент времени, проходит через положение точки, которая 
ассоциируется с преследуемым. Предлагается новый подход построения кривых погони 
путем использования разностных схем. Данная методика позволяет отказаться от 
необходимости составлять дифференциальные уравнения для описания кривых погони, что 
бывает достаточно сложно сделать в общем случае. Кроме того, применение разностных 
схем обосновано в ситуации, когда нахождение аналитического решения уже имеющегося 
дифференциального уравнения затруднительно, и дает возможность получить кривую 
погони численным способом. Построены различные модификации разностных схем, 
являющиеся аналогами схем на основе методов Эйлера, Адамса — Башфорта и Милна. 
Осуществлена их программная реализация с помощью математического пакета Mathcad. 
Рассмотрен случай равномерного прямолинейного движения преследуемого, для которого 
известно дифференциальное уравнение, описывающее траекторию преследователя, и его 
аналитическое решение. Проведен сравнительный анализ полученных разными методами 
численных решений и известного аналитического решения. Найдена погрешность 
полученных численных реализаций. Рассмотрено применение построенных разностных 
схем для более общего случая произвольной траектории преследуемого. Также описан 
алгоритм распространения предложенного метода для случая циклического преследования 
с несколькими участниками в трехмерном пространстве. В частности, построена разностная 
схема, аналогичная методу Эйлера, для трехмерного аналога «задачи о жуках». Полученные 
результаты продемонстрированы на анимационных примерах как для двумерного, так и 
трехмерного случаев.  

Ключевые слова: дифференциальные игры, задача о преследовании, метод погони, 
кривая погони, численные методы, разностные схемы, метод Эйлера, «задача о трех 
жуках», Mathcad. 
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